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ABSTRACT

Yuldashev, Renat

Nonlinear Analysis and Synthesis of Phase-Locked Loops

Saint Petersburg: Saint Petersburg State University, 2013, 36 p.(+included articles)
Saint Petersburg State University Studies in Mathematics, Vol. 1

ISBN 978-5-288-05424-2, ISSN 2308-3476

In the modern science and technology, devices that automatically adjust the fre-
quency of quasiperiodic processes to achieve a certain phase relationships be-
tween them are very important. Examples of such devices are electric generators
and motors, synchrophasotrons, and artificial cardiac pacemakers.

In electronic systems, similar problems of automatic frequency adjustment
are encountered in radiolocation, telecommunication, computer architecture, nav-
igation, and other like systems. One of the technical solutions used in the context
of these problems is to utilise a phase-locked loop (PLL).

The widespread applications of PLL called for the development of rigor-
ous mathematical models in the phase-frequency space for different waveforms
of high-frequency signals. Towards this end, in the present study, several con-
ditions that enable high-frequency signals have been formulated. Also, methods
of asymptotic analysis for the signals with discontinuous waveforms have been
developed. The main result of the study is the development of formulas for the
characteristics of the phase detector (PD) for a PLL and for a PLL system with
a squarer that allow one to derive differential equations for the circuits of that
kind. Also, in the case of typical signal waveforms, a table of PD characteris-
tics has been created. Moreover, the asymptotic equivalence between the phase-
frequency model and the signal space model has been rigorously established.
One of the major approaches to the study of a PLL in the modern engineering
literature is numerical modeling. This approach is usually very time-consuming
because of the high frequencies (up to 10Ghz) of the signals involved. Therefore,
the discretization step has to be chosen sufficiently small for a clear observation
of the dynamics of non-linear elements of a PLL. This makes the full modeling of
a PLL in the signal space almost impossible for the high-frequency signals.

In this work, a new approach to overcoming this obstacle is proposed. The
approach is based on the transition from PLL models on the level of electronic re-
alization to asymptotically equivalent PLL models in the phase-frequency space.
This makes it possible using a large discretization step, which reduces the time
of numerical analysis by hundred-fold. The theoretical results developed in this
study are in full agreement with the results of modeling PLL and PLL system
with a squarer in the signal and the phase-frequency spaces.

The results of the study have been published in 22 papers (8 of which are
indexed in Scopus)

Keywords: phase-locked loop, phase detector, characteristic, pll with squarer
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1 INTRODUCTION

1.1 Intellectual merit

A PLL is a classic control system widely used in telecommunication (Wendt and
Fredentall, 1943; Richman, 1954; Gardner, 1966; Lindsey, 1972; Bullock, 2000; Man-
assewitsch, 2005) and computer architecture (Kung, 1988; Smith, 1999; Gardner
et al., 1993; Simpson, 1944; Lapsley et al., 1997; Buchanan and Wilson, 2001; Xan-
thopoulos et al., 2001; Wainner and Richmond, 2003; Bindal et al., 2003; Young,
2004; Shu and Sanchez-Sinencio, 2005). It was invented by a French engineer
Anri de Bellescize in the 1930s (Bellescize, 1932). After that, intensive studies of
PLL were carried out (Lindsey, 1972; Fines and Aghvami, 1991; Djordjevic et al.,
1998; Djordjevic and Stefanovic, 1999; Tomasi, 2001; Best, 2007; Couch, 2007). Fol-
lowing paper PIII, note that one of the first applications of PLL was in the wire-
less communication. In radioengineering, PLL-based circuits (e.g., a PLL sys-
tem with a squarer and Costas loop) are used for demodulation, carrier recov-
ery, and frequency synthesis (Costas, 1962; Miyazaki et al., 1991; Fines and Agh-
vami, 1991; Fiocchi et al., 1999; Bullock, 2000; Kaplan and Hegarty, 2006; Tomkins
et al., 2009; Kim et al., 2010). Although a PLL is inherently a nonlinear circuit, in
the modern literature, the main approaches to its analysis are based on the use
of simplified linear models (Viterbi, 1966; Shakhgil’dyan and Lyakhovkin, 1972;
Gardner, 1993; Egan, 2000; Best, 2003; Shu and Sanchez-Sinencio, 2005; Tretter,
2007)), the methods of linear analysis (Gardner, 1993; Egan, 2000; Best, 2003), em-
pirical rules, and numerical simulation on the level of electronic realization (see
a plenary lecture of D. Abramovitch at the 2002 American Control Conference
(Abramovitch, 2002)). However it is known that the application of linearization
methods and linear analysis for control systems can lead to untrue results and,
therefore, requires special justifications (Kuznetsov and Leonov, 2001; Leonov
et al., 2010d,b,a,b; Kuznetsov et al., 2010; Bragin et al., 2010; Leonov et al., 2011b;
Leonov and Kuznetsov, 2011; Kuznetsov et al., 2011b,a,c; Leonov et al., 2011¢;
Bragin et al., 2011; Leonov et al., 2011a; Leonov and Kuznetsov, 2012; Leonov
et al., 2012; Kiseleva et al., 2012; Andrievsky et al., 2012; Leonov G. A., 2013a;
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Leonov and Kuznetsov, 2013; Kuznetsov et al., 2013; Leonov G. A., 2013b). A
rigorous mathematical analysis of PLL models is often a very challenging task
(Suarez and Quere, 2003; Margaris, 2004; Benarjee, 2006; Feely, 2007; Banerjee
and Sarkar, 2008; Feely et al., 2012), so for the analysis of a nonlinear PLL a nu-
merical simulation is often used (see, e.g., (Lai et al., 2005; Best, 2007)). How-
ever, in the context of high-frequency signals, complete numerical simulation of
PLL-based circuit on the level of electronic realization (in the signal/time space),
which is described by a nonlinear non-autonomous system of differential equa-
tions, is a very challenging task. Here, it is necessary to observe simultaneously
“very fast time scale of the input signals” and “slow time scale of signal’s phases”
(Abramovitch, 2008a,b). Therefore, a relatively small discretization step in the
simulation procedure does not allow one to consider phase locking processes for
the high-frequency signals (up to 10Ghz) in a reasonable time period.

1.2 Goal of the work

The goals of this work include:

— derivation and justification of nonlinear models for the classic PLL and a
PLL system with a squarer in the phase-frequency space;

— computing the phase detector characteristic for various types of signal wave-
forms;

— developing an efficient numerical simulation method for the classic PLL and
a PLL system with a squarer.

1.3 Methods of investigation

In this work, an approach enabling the development of adequate mathematical
models of PLLs is considered. The main idea can be traced back to the works
(Viterbi, 1966; Gardner, 1966; Lindsey, 1972), carried out in the context of sinu-
soidal and square-wave signals only, and it consists in the construction of special
nonlinear models of PLL circuits in the phase-frequency space. This approach
requires a mathematical description of the circuit components and a proof of the
reliability of the considered model (Leonov et al., 2006; Kudrewicz and Wasow-
icz, 2007b; Kuznetsov et al., 2008; Kuznetsov, 2008; Leonov et al., 2009; Kuznetsov
etal., 2009b; Leonov et al., 2010c). This new approach, extended to a broader class
of signals, requires a mathematical description of the circuit components and a
proof of the reliability of the considered model.

In addition, the asymptotic analysis of high-frequency oscillations, the aver-
aging method (Krylov and Bogolubov, 1947; Mitropolsky and Bogolubov, 1961),
and numerical simulation methods are used to create PLL models for various
non-sinusoidal signal waveforms.
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1.4 The main results

— Nonlinear mathematical models of the classic PLL with piecewise-differen-
tiable waveforms have been constructed (see papers PIPII,PIV-PVIII);

— Nonlinear mathematical models of a PLL system with a squarer in the case
of piecewise-differentiable waveforms have been derived (see paper PVII);

— An effective method of numerical simulation of a PLL has been developed
(see paper PIII).

1.5 Adequacy of the results

The characteristics of a phase detector obtained in this work are in line with the
well-known characteristics for the sinusoidal and square waveforms. All main re-
sults are rigorously proved (see proofs of the theorems in PI and PV). PLL mod-
els in the phase-frequency domain are justified using the averaging method by
Krylov-Bogolyubov. Numerical simulation confirms the adequacy of the derived
models.

1.6 Novelty

In this work, for the first time, two different approaches had been used jointly:
nonlinear analysis of PLL models (Saint-Petersburg State University) and effec-
tive numerical analysis of dynamical systems (University of Jyvaskyld). This
made it possible to create an analytical method for calculating the characteristics
of the phase detector (multiplier /mixer), to build a mathematical model of a PLL
for various non-sinusoidal signal waveforms, and propose an effective method
for numerical simulation of the classic PLL and a PLL system with a squarer.

1.7 Practicability

The obtained results allow one to calculate the phase detector characteristics and
can be used to analyze the stability of PLL-based circuits. Obtained PLL models
can significantly reduce time required for numerical simulation and allow one to
determine such important features of the systems involved as pull-in range, pull-
out range, and other properties, thereby, significantly reducing time needed for
the development of PLL-based circuits and their analysis.

A practical application of the obtained results is presented in Patents AX-
AXIV.
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1.8 Appraisal of the work and publications

The results of this work were presented at a plenary lecture at an international
conference Dynamical Systems and Applications (Kiev, Ukrane — 2012), IEEE in-
ternational Congress on Ultra Modern Telecommunications and Control Systems
and Workshops (St.Petersburg, Russia — 2012), at regular lectures at IEEE 4th In-
ternational Conference on Nonlinear Science and Complexity (Budapest, Hun-
gary — 2012), 9th International Conference on Informatics in Control, Automa-
tion and Robotics (Rome, Italy — 2012), IEEE 10-th International Symposium on
Signals, Circuits and Systems (lasi, Romania — 2011), 8th International Confer-
ence on Informatics in Control, Automation and Robotics (Noordwijkerhout, The
Netherlands — 2011), 4th IFAC Workshop on Periodic Control System (Antalya,
Turkey —2010), International Workshop “Mathematical and Numerical Modeling
in Science and Technology” (Jyvaskyld, Finland — 2010); at the seminars of the
Department of Applied Cybernetics (St. Petersburg State University, Faculty of
Mathematics and Mechanics) and at the seminars of the Department of Mathe-
matical Information Technology (University of Jyvéskyld, Finland).

The results of this work appeared in 22 publications (8 in Scopus database,
4 patents) The main content of this work can be found in the included articles PI-
PVIIL In articles PI-PV and PVII-PVIII co-authors formulated the problems, the
author formulated and proved the theorems. In article PVI co-authors formulated
the problems and proved the theorems for a Costas loop, the author formulated
the problems and proved the theorems for a PLL.

Also, the material of the dissertation is presented in (Yuldashev, 2012, 2013a)
and its extended version is in preparation in (Yuldashev, 2013b).
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where a(t) is an exponentially damped function, linearly dependent on the ini-
tial state of the filter at t = 0, y(¢) is an impulse response function of the linear fil-
ter. Furthermore, we assume that y(¢) is a differentiable function with a bounded
derivative. From equation (4) one can obtain g(t)

t

g(t) = ao(t) + [ 2(t=7)f (6'(0)) fA(63(r))d. ®

0
Let us assume that difference between frequencies is uniformly bounded
101 (7) — 6%(7)| < Aw, VT € [0, T], (6)

where Aw is a constant.
We split the interval [0, T| into the intervals of length ¢

\/amin ' (7)

Let us assume that
0P (T) — 0P (1) < AQ, p=1,2, |t—1| <5, VT,t€[0,T], (8)

where AQ) does not depend on t and 7. Conditions (6)—(8) imply that the func-
tions 0P (t) are almost constant and the functions f7(07(t)) are rapidly oscillating
within small intervals [t, f 4 J]. The boundedness of the derivative of y(t) implies
that there exists a constant C, such that

lv(t) =) <Céo, |t—1| <4, Vr,tel0,T]. )
2.3 Phase detector characteristics of PLL

The following theorem was formulated for various types of signal waveforms in
papers PI-PVII

Theorem 1. Let conditions (1), (3), (6) — (9) be satisfied. Then the systems
shown in Fig. 2 and Fig. 3 are asymptotically equivalent, where

1,2
_ajed 1

Y ((a}a% + b} b7) cos(16) + (alb? — b} a?) sin(ze)>. (10)
=1

See included papers PII, PIV for the full proof.

Theorem 1 allows one to compute the phase detector characteristic for the
following typical signals shown in the table below. To the left, the waveforms
f12(0) of the input signals are shown; depicted to the right are the corresponding
PD characteristics ¢(0).
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2.5 Differential equations of phase-lock loop

Let us consider a system of differential equations for a PLL on the level of elec-
tronic realization and in the phase-frequency domain (see papers PVI and PIII).
From a mathematical point of view, a linear low-pass filter can be described by
the system of linear differential equations

T Ax (), vl = c'x, 19

a solution of which takes the form
y(t—1) = c*eADh, () = c*elxy. (15)

The model of a tunable generator is usually assumed to be a linear one (Viterbi,
1966; Stensby, 1997; Kroupa, 2003; Best, 2007):

02 = w]%m, + Lc*x(t), (16)

where wjz,re . i a free-running frequency of tunable generator and L is the oscil-
lator’s gain. Here, it is also possible to use nonlinear models of VCO; see, e.g.,
(Demir et al., 2000)

&= Ax+ b (0(1) f2(62(1)),

. 17

02 = szfree + Lc*x. 17)
Suppose that the frequency of the master generator is constant 8! () = w!. Let us
denote

0(t) = 60%(t) — w't. (18)

Then
X = Ax + bfH (wt) f2(0 + w't),

) 19
0 = wjzfree — w! + Lc*x. (19

For the classic PLL and PLL system with a squarer, system (19) is nonautonomous,
thereby, being difficult for investigation (Margaris, 2004; Kudrewicz and Wasow-
icz, 2007a). Theorems 1 and 2, and the averaging method (Krylov and Bogolubov,
1947; Mitropolsky and Bogolubov, 1961) allow one to study the following, more
simple, autonomous systems of differential equations

x=Ax+bo(0),
=4 (P(l) * 20)
szfree_w +LC x,

where ¢(0) is the corresponding characteristic of the phase detector.
The system of differential equations for a PLL with a squarer is the same as
the equations for the classic PLL.
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Phase-locked loop (PLL) is a classical circuit widely used in telecommunication and
computer architectures. PLL. was invented in the 1930s-1940s (Bellescize, 1932)
and then intensive studies of the theory and practice of PLL were carried out
(Viterbi, 1966; Gardner, 1966; Lindsey and Simon, 1973). One of the first applica-
tions of phase-locked loop (PLL) is related to the problems of wireless data transfer.
In radio engineering, PLL-based circuits (e.g. Costas Loop, PLL with squarer) are
used for carrier recovery, demodulation, and frequency synthesis (see, e.g., (Stiffler,
1964; Kroupa, 2003; Best, 2007)).

Although PLL is essentially a nonlinear control system, in modern literature,
devoted to the analysis of PLL-based circuits, the main direction is the use of sim-
plified linear models, the methods of linear analysis, empirical rules, and numerical
simulation (see plenary lecture of D. Abramovich at American Control Conference
2002 (Abramovitch,2002)). Rigorous nonlinear analysis of PLL-based circuit mod-
els is often a very difficult task (Feely, 2007; Banerjee and Sarkar, 2008; Suarez
et al, 2012; Feely et al, 2012), so for analysis of nonlinear PLL models it is widely
used, in practice, numerical simulation (see, e.g., (Best, 2007)). However for high-
frequency signals, complete numerical simulation of physical model of PLL-based
circuit in signals/time space, which is described by a nonlinear non-autonomous
system of differential equations, is very challenging task (Abramovitch, 2008a,b)
since it is necessary to observe simultaneously “very fast time scale of the input sig-
nals” and “slow time scale of signal’s phases”. Here relatively small discretization
step in numerical procedure does not allow one to consider phase locking processes
for high-frequency signals in reasonable time.
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Here two approachers, which allow one to overcome these difficulties, are con-
sidered. The first idea is traced back to the works of Viterbi (1966) and consists
in construction of mathematical models of PLIL-based circuits in phase-frequency
space. This approach requires to determine mathematical characteristics of the cir-
cuit components and to prove reliability of considered mathematical model. The
second idea is traced back to the works of Emura (1982) and consists in design of
circuit components in such a way that there is no oscillation with double frequency
in the loop.

1 Phase-frequency model of classical PLL

To overcome simulation difficulties for PLI-based circuits it is possible to construct
mathematical model in phase-frequency/time space (Leonov et al, 2012a), which
can be described by nonlinear dynamical system of differential equations, so here
it is investigated only slow time scale of signal’s phases and frequencies. That, in
turn, requires (Abramovitch, 2002) the computation of phase detector characteristic
(nonlinear element used to math reference and controllable signals), which depends
on waveforms of considered signals. Using results of analysis of this mathematical
model for conclusions on behavior of the physical model requires rigorous justifi-
cation.
Consider a classical PLL on the level of electronic realization (Fig. 1)

16) o 1))

f 2(9%&)) VCo 4g(‘-) Loop

Filter

Fig. 1: Block diagram of PLL on the level of electronic realization.

Here signals fP(t) = f?(67(t)), p = 1,2 with 8?(t) as a phases are oscillations
generated by reference oscillator and tunable voltage-control oscillator (VCO), re-
spectively.

The block ® is a multiplier (used as a phase detector) of oscillations f! () and
72(t), and the signal f1(68(t)) f>(6(t)) is its output. The relation between the input
&(t) and the output o(t) of linear filter has the form:

o) =aat) + [ v D)), M

where y(¢) is an impulse response function of filter and e (t) is an exponentially
damped function depending on the initial data of filter at moment ¢ = 0. By assump-
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tion, y(z) is a differentiable function with bounded derivative (this is true for the
most considered filters (Thede, 2005)).

1.1 High-frequency property of signals

Suppose that the waveforms f!2(0) are bounded 2s-periodic piecewise differen-
tiable functions'. Consider Fourier series representation of such functions

(a?sin(i0) + b¥ cos(i0)), p=1,2,

i

s

77(6) =

1

1
af =~
JU

[ £2(0)sini0)a0,57 = %/jrfp(e)cos(ie)de.

A high-frequency property of signals can be reformulated in the following way.
By assumption, the phases 07 (¢) are smooth functions (this means that frequencies
are changing continuously, what corresponds to classical PLL analysis (Kroupa,
2003; Best, 2007)). Suppose also that there exists a sufficiently large number wy,;,
such that the following conditions are satisfied on a fixed time interval [0, 7]:

BP(T) > Wpmin > 07 P = 1727 (2)
where 7 is independent of @,,;, and 87 () = %T(T) denotes frequencies of signals.

The frequencies difference is assumed to be uniformly bounded
161 (t)— 0%(7)| < Aw, VT €[0,T]. (3)

Requirements (2) and (3) are obviously satisfied for the tuning of two high-frequency
1

oscillators with close frequencies. Denote § = w, .2 .
tions . i
]9”(1’) - BPO)‘ <AQ, p=1,2,
t—1| <6, Vr,te(0,T],

Consider the following rela-

“)

where AQ is independent of 6. Conditions (2)—(4) mean that the functions or (t)
are almost constant and the functions f7(67(t)) are rapidly oscillating on small
intervals [¢,¢ 4 0].

The boundedness of derivative of y(¢) implies

(1) —y(0)[ =0(0), |t—7[<06, Vr,re0,T]. (5)

! the functions with a finite number of jump discontinuity points differentiable on their continuity
intervals
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1.2 Phase detector characteristic computation for classical PLL

Consider two block diagrams shown in Fig. 2a and Fig.2b. Here, PD is a nonlinear

110) 0, 1O oo 20 O 1251 @O H-61) sy 5D

Filter Filter
[ [ ow

(a) Multiplier and filter (b) Phase detector and filter

Fig. 2: Phase detector models

block with characteristic ¢(6). The phases 8P(t) are PD block inputs and the output
is a function @(6'(1) — 62(¢)). The PD characteristic ¢(0) depends on waveforms
of input signals.

The signal f1(81())£2(6%(t)) and the function ¢(0!(#) — 6%(¢)) are the inputs
of the same filters with the same impulse response function y(t) and with the same
initial state. The outputs of filters are the functions g(f) and G(f), respectively. By
(1) one can obtain g(t) and G(t):

80)=co0) +[ 11—/ (0" (2) (63 (x))

G(t)=ap(t) +/Ot y(t—7)p(0'(7) — 6%(7))d.

Using the approaches outlined in (Leonov, 2008; Kuznetsov et al, 2010, 2011b,
2012b), the following result can be proved.

(6)

Theorem 1. [Leonov et al (2012a, 2011); Kuznetsov et al (2012a)] Let conditions
(2)—(5) be satisfied and

QD(G]:% 121 Ga,lafz +b;b?)cos(10) + (atbf — bra?) sin(l&)) : )

Then the following relation
|G('r) —g(I)| — O(a)ﬂ Vi€ [0,T]
is valid.

See Appendix for a proof of this theorem.

Broadly speaking, this theorem separates low-frequency error-correcting signal
from parasite high-frequency oscillations. This theorem allows one to compute a
phase detector characteristic for various typical waveforms of signals.
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1.3 Description of classical Costas Loop

Nowadays BPSK and QPSK modulation techniques are used in telecommunica-
tion. For these techniques it is used different modifications of PLL with squarer and
Costas Loop (Gardner, 1966; Lindsey and Simon, 1973; Best, 2007). However, the
realization of some parts of PLL with squarer, used in analog circuits, can be quite
difficult (Best, 2007). In the digital circuits, maximum data rate is limited by the
speed of analog-to-digital converter (ADC) (Gardner, 1993; Gardner et al, 1993).
Here, it will be considered analog Costas Loop, which are easy for implementation
and effective for demodulation.

Various methods for analysis of Costas loop are well developed by engineers and
considered in many publications (see, e.g., (Kroupa, 2003; Lindsey, 1972; Gardner,
1966)). However, the problems of construction of adequate nonlinear models and
nonlinear analysis of such models are still far from being resolved. Further it will
be considered only classical BPSK Costas loop, but similar analysis could be done
for QPSK Costas Loop.

Consider physical model of classical Costas Loop (Fig. 3)

QEOACOIWY) e
A

1, Y
m{t]f(ﬁ’(t)) fE(HQ(r)) S e Lpop ‘_®
| Filter x

Hilbert

m(t)S @@ -90) . R
—»é » Filter m”

Fig. 3: Block diagram of Costas Loop at the level of electronic realization.

Here f1(t) is a carrier and m(t) = +1 is data signal. Hilbert transform block
shifts phase of input signal by — 7.
In the simplest case when

FH(01 (1)) = cos (w't), f2(6%(1)) = sin (wt)
m(t)fL(81 (1)) (0% (1)) = @ (sin(w? — w't) — sin(sin(w?f + w't))) (8)
m(t)f1(61(1)) f2 (0% (1) — 5) = %ﬂ (cos(w?t — w't) +cos(sin(w? + w't)))

standard engineering assumption is that a low pass filter removes the upper side-
band with frequency from the input but leaves the lower sideband without change.
Thus, after synchronization one gets demodulated data m(t)cos((w! — w?)t) =
m(t)cos(0) =m(t) on the output of the lower filter (see Fig. 3).
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Further, to avoid these assumption, a rigorous mathematical approach for the
analysis of Costas loop will be demonstrated.

1.4 Computation of phase detector characteristic for Costas loop

From a theoretical point of view, since two arm filters in Fig. 3 are used for demod-
ulation, for analysis of synchronization processes one can study Costas loop with
only central Loop filter. Also since m(7)* = 1, the transmitted data m(f) do not af-
fect the operation of VCO. Thus one can consider the following equivalent block
diagrams of Costas loop in signals/time and phase-frequency spaces (Fig. 4).

® e
o ¥ — ‘“ bl ') O')-6t) G()
Hilbert Y el? > %ﬁ:’e‘i >
é FO')101)-90°) g1t)

Fig. 4: Equivalent block diagrams of Costas loop in signals/time and phase-
frequency spaces.

In both diagrams the filters are the same and have the same impulse transient
function y(t) and the same initial data. The filters outputs are the functions g(¢) and
G(t), respectively.

Consider a case of non-sinusoidal piecewise-differentiable carrier oscillation
f1(8'(t)) and tunable harmonic oscillation

oo

l(g)= alcos(i@) + bl sin(i@
r(e) 21(1 (i6) + b; sin(iB)), o

f*(6) =bisin(0).
The following assertion is valid.

Theorem 2. [Kuznetsov et al (2012b); Leonov et al (2012b)] If conditions (2)—(5)
are satisfied and
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bZ 2 i
p(6) = it [(a})zsm(ze)Jr 2y agag,sin(26)—
8 =
—2a}b}cos(20) +2 zla; Labjcos(20) —2 Ela;b}ﬁg cos(20)—  (10)
= q=

— (01)*sin(26)+2 Y byby.s sin(QG))] :
g=1
then the following relation
G(r)—g(t)=0(8), Vte€[0,T] (11)

is valid.

In general, the proof of this result repeats the proof of Theorem 1. The details of
the proof can be found in (Kuznetsov et al, 2012b; Leonov et al, 2012b). Note that
this result could be easily extended to the case of two non-sinusoidal signals.

2 Engineering solutions for elimination of high-frequency
oscillations

Consider engineering solution for elimination of high-frequency oscillations on the
output of PD for harmonic signals. Further it is considered special analog PLL and
analog Costas loop implementations, which allow one to effectively solve this prob-
lem.

2.1 Two-phase PLL

Consider a special modification of phase-locked loop (two phase PLL) suggested in
(Emura, 1982).

cos(e‘m)L

L Complex sin(8'(t)-6(t))
Hilbert |- — + ! multiplier

sin(B (1) s
| cos(@z[t}]

g(t)
_ _ _ _ _ VCO |
sin(@ 1)

Loop
Filter

Fig. 5: Two-phase PLL
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Here, a carrier is sin(8!(#)) with 81(¢) as a phase and the output of Hilbert block

is cos(01(t)). VCO generates oscillations sin(07(t)) and cos(87(¢)) with 8°(¢) as a
phase. Figure 6 shows the structure of phase detector — complex multiplier.

snl

cos(6t) ;

cos(8 (1)

sl

Fig. 6: Phase detector in two-phase PLL

The phase detector consists of two analog multipliers and analog subtractor. Here
sin(0'(t)) cos(8%(t)) —cos(0'(2)) sin(6>(t)) = sin(8' (t) — 6°(2))

In this case there is no high-frequency component at the output of phase detector.
Thus block-scheme in Fig. 6 is equivalent to block-scheme in Fig. 2b, where phase
detector characteristic is ¢(8) = sin(8).

2.2 Two-phase Costas loop

Consider now engineering solution (Tretter, 2007) for the problem of elimination of
high-frequency oscillations in Costas Loop (Fig. 7).

m(t)cos(0'(t) m(t)cos(8(t)-6(t))
\_, » Complex 1 >
Hilbert - — — —, - > multiplier| o ®
m(t)sin(8 1) ol m(t)sin(6{t)-6(0) il
|| cos(®1t)
g(t) Loop q(t)
o VCO |« P e
sin(@z(t)) Filter

Fig. 7: Two-phase Costas loop

Here a carrier is cos(0' (¢)) with 8! (#) as a phase. VCO generates the oscillations
cos(6%(t)) and sin(67(¢)) with 8%(r) as a phase, and m(t) = %1 is a relatively slow
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data signal (carrier period is several orders of magnitude smaller than time between
data transitions). In Fig. 8 is shown a structure of phase detector.

mi(t)cos(8 (1))

cos(87t) cos@) 5 +

m(t)cos(@ (-61)

sin@10) _sin(et)

: m(t)sin(8'(t-61t)
\ m(H)cos(® () i

\
\sin(e(0)

m(t)cos(6 (1)

Fig. 8: Phase detector in two-phase Costas loop

Here the outputs of phase detector are the following

m(t) (cos(8' () cos(67(t)) +sin(6 (1)) sin(6%(t))) = m(t)cos(61(t) — 62(1))
m(t) (sin(0'(r)) cos(62(1)) — cos(6 (1)) sin(62(r))) =m(r)sin(6(r) — 6%(1))
(12)
If oscillators are synchronized (i.e. 81(r) = 82(1)), one of the outputs of phase de-

tector contains only data signal 0.5m(t). Therefore, tacking into accountm(t) = 1,
the input of the Loop filter takes the form

m(t)cos(61(t) — 6%(t))m(t)sin(0' (1) — 6°(t)) = %sin(Z(Gl(I) —6%(1)))

and it depends only on phase difference of VCO and carrier. Thus block-scheme in
Fig. 8 is equivalent to block-scheme in Fig. 2b, where phase detector characteristic

is ¢(6) = 1sin(2(8)).
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3 Differential equation for PLL and Costas loop

Here differential equations for considered PLL-based circuits are derived.
From a mathematical point of view, a linear low-pass filter can be described by a
system of linear differential equations

x=Ax+p&(t), o =c'x, (13)

a solution of which takes the form (1). Here, A is a constant matrix, x(¢) is a state
vector of filter, b and ¢ are constant vectors.

The model of tunable generator is usually assumed to be linear (Kroupa, 2003;
Best, 2007):

0%(t) = 0fee +LG(t), 1 € [0,T]. (14)

where a)}ree is a free-running frequency of tunable generator and L is an oscillator
gain. Here it is also possible to use nonlinear models of VCO; see e.g. (Suarez and
Quere, 2003; Demir et al, 2000).

Suppose that the frequency of master generator is constant 6! (1) = w'. Equation
of tunable generator (14) and equation of filter (13) yield

x=Ax+pE(1), 0% = wj,, +Lc'x. (15)

For classical PLL circuit

() =f1(0" (1) (6%(1), (16)
for classical Costas loop
E(1) = £ (0" () (62(1) = T (0" (1) (62(r)). (17)
for two-phase PLL
E(r) =sin(0' (1) — 07(1)), (18)
and for two-phase Costas loop
E(t) = %sin (2(0'(r) — 0%(1))), (19)

While for two phase PLL and Costas loop, system (15) is autonomous, for clas-
sical PLL and Costas loop, system (15) is nonautonomous and rather difficult for
investigation (Kudrewicz and Wasowicz, 2007; Margaris, 2004). Here, Theorems 1
and 2 allow one to study more simple autonomous system of differential equations

¥ =Ax+pp(A0), AO = w}ree — o'+ Lc'x,

(20)
AD=06%>—0",
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where @(0) is the corresponding characteristic of phase detector. By well-known
averaging method (Krylov and Bogolyubov, 1947) one to show that solutions of
(15) and (20) are close under some assumptions. Thus, by Theorems 2 and 1, the
block-schemes of PLL and Costas Loop in signals/time space (Fig. 1,3) can be
asymptotically changed [for high-frequency generators, see conditions (2)—(4)] for
the block-scheme in phase-frequency space (Fig. 9).

o't) ©O')-611) Toop
» PD
s Filter
VCO |«

Fig. 9: Block scheme of phase-locked loop in phase-frequency space

Methods of nonlinear analysis for system (20) are well developed (see, e.g.,
(Leonov, 2006; Leonov et al, 2006; Kuznetsov et al, 2009a,b, 2008; Leonov et al,
2009)). The simulation approach for PLL analysis and design, based on the obtained
analytical results, is discussed in (Kuznetsov et al, 201 1a).

It should be noted that instead of conditions (3) and (5) for simulations of real
system, it is necessary to consider the following conditions

|[Aw| << Omin, |Aa| << Omin,

where A4 is the largest (in modulus) eigenvalue of matrix A. Also, for correctness of
transition from equation (21) to (25) it is necessary to consider T << Wyin. It is €asy
to see that for sinusoidal waveforms operations of classical PLLL and two-phase PLL
are very similar because the phase detector characteristic and corresponding phase-
frequency models are the same. Theoretical results are justified by simulation of
classical PLL and two-phase PLL (Fig. 10).
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...... classical PLL, time domain — = 3 i i
- two phase PLL, time domain chssaic PLL, Ume: domain.
—classical PLL, phase freq. domain| | *"""" two-phase PLL, time domain
— classical PLL, phase freq. domain
0.25
A 0.074
B ~
A ‘
0.15 / \ 0.073 X ) 1
xS [ \ /3
N 0.072 |

0.05 I’ \ / \w/'\u—-—- i Yt [

o 0.071 |-¢ \ l

: L[ - N r—

A1/ T
0.05 l\ ; 0.070 [ v Vo
i T e
V] 0.069 |" e b

0.15 \ \

I 0.068
029, "2 4 6 & 10 936 938 94 942

Fig. 10: Classical PLL in signals/time space; two-phase and classical PLLs in phase-
frequency space, wzm =99 Hz, w! =100 Hz,L = 15, filter transfer functions %

-------- classical Costas loop, time domain — — classical Costas loop, time domain
----------------- two—phase Costas loop, time domain ----- two-phase Costas loop, time domain
classical Costas loop, phase freq. domain || —— classical Costas loop, phase freq. domain
0.1 Y [ )
7\ 0.0655 f\\ H ,!”'\ If \
- : \
/ - NS f‘--l._..-']--_‘ -
/ 0.0645 | i [ ] l“. | .
0.02 | L]
| 0,064{)—"’_ | j | R |
oonl\ A A
\ [ 0.0635 Vi \,’ ‘i
V A
0.06 0.0630
0 2 4 6 g 10 9.3 932 934 936 938 94

Fig. 11: Classical Costas L.oop in signals/time space, two-phase and classical Costas

Loops in phase-frequency space, wzm =99 Hz, ! = 100 Hz, L = 15, filter transfer

1

functions i

Unlike the filter output for the phase-frequency model of classical and two-phase
PLLs, for signals/time space model of classical PLL the outputs of filter and phase
detector contains additional high-frequency oscillations. These high-frequency os-
cillations interfere with qualitative analysis and efficient simulation of PLL. Filter
output of two-phase PLL is delayed compared to the classical one because of non-
ideality of Hilbert transform. Similar results can be obtained for Costas loop (see

Fig.11).
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Appendix

Proof. Suppose that ¢t € [0,T]. Consider a difference

g()—G(t) = / y(t—s) {fl(t?l(s))fz(@z(s))—cp(61<s)—62<s>) ds.  (21)
0

Suppose that there exists m € NU{0} such that ¢ € [md, (m+ 1)d]. By definition of
8,one has m < % + 1. The continuity condition implies that y(r) is bounded on [0, 7]

and f1(0), f(0) are bounded on R. Since f!?(0) are piecewise differentiable, one

can obtain | |
al = o(-), P = o(-). (22)

! i ! i

Hence ¢(0) converges uniformly and ¢(0) is continuous, piecewise differentiable,
and bounded. Then the following estimates

(m+1)6
[ =91 (0'9)£2(6%))ds = 0(d)

(m+1)
[ =900 ) 02)) s = 0)

are satisfied. It follows that (21) can be represented as

20-6G0=3 [ 19

(23)
{fl (8'()) £2(0%(s)) — (0" (s) — 6%(s)) | ds+ O(3).

Prove now that on each interval [kd,(k + 1)d] the corresponding integrals are
equal to O(38?).
Condition (5) implies that on each intervals [k, (k+ 1)d] the following relation

y(t—s)=y(t—kd)+0(3), t >s, s,t € [kd,(k+1)J] (24)

is valid. Here O(0) is independent of k and the relation is satisfied uniformly with
respect to 7. By (23), (24), and the boundedness of f1(0), f(6), and ¢(0),

8() -G = Y rit—ks) [
k=0 ko, (k+1)0] 25)

[f‘ (0'(s)) f2(0%(s)) — (0" (s) — Gz(s))] ds+0(9).

Denote
6F (s) = 0P (k8) + 67 (k) (s —kd), p=1,2.
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Then for s € [kd, (k+ 1)0], condition (4) yields
07 (s) = 6/ (s) + 0(5).

From (3) and the boundedness of derivative ¢(0) on R it follows that

/\fp 2(9)) — @ (6 (s) — 6(s)) |ds = O(8?). (26)

k8, (k+1)8

If £1(6) and £2(6) are continuous on R, then for ! (61(s)) f%(6%(s)) the following
relation holds

[ O ) 0%)ds =
k8, (k+1)8]

_ 1/l 2702 2
= o OL NS O20))ds +0(5?).

27)

Consider the validity of this estimate for the considered class of piecewise-differentiable
waveforms. Since the conditions (2) and (4) are satisfied and the functions 6172(s)
are differentiable and satisfy (3), for all k = 0,...,m there exist sets E; [the union
of sufficiently small neighborhoods of discontinuity points of £1:(¢)] such that the

following relation [ ds = O(8?) is valid, in which case the relation is satisfied uni-
Ej

formly with respect to k. Then from the piecewise differentiability and the bound-

edness of f12(0) it is possible to obtain (27) (see Corollary 1.

By (27) and (26), relation (25) can be rewritten as

8)~G(0) = 3yt —kd)

[k6,(k+1)6]

£ (8¢ ()£ (02()) — @ (8 () — 6 (s)) Jds + O(5)

iyt—kc‘i /

[kd,(k+1)8]

Ki a; cos (i6) (s)) + b; sin (i6; (s)))

. (]w & cos (767(s)) + Bsin (j6R (s )))

(28)

g (6(s) e,3<s>)]ds+o<a> .

Since conditions (2)—(4) are satisfied, it is possible to choose O(%) of sufficiently

small time intervals of length O(8?), outside of which the functions f7(6”(¢)) and
fP(6F (1)) are continuous. It is known that on each interval, which has no discon-
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tinuity points, Fourier series of the functions f!(6) and f?(6) converge uniformly.
Then there exists anumber M = M (9 ) > 0 such that outside sufficiently small neigh-
borhoods of discontinuity points of f7(67(t)) and f7(6/(t)), the sum of the first M
series terms approximates the original function with accuracy to O(9). In this case
by relation (28) and the boundedness of f!(6) and £2(0) on R, it can be obtained

m M M
g0)-G0=Yri-k) [ 3
k=0 ks, (k4+1)8]) 1! (29)
116) = 9 (6105) -~ 62(6) a5+ 0(0),
where
1 . ;
ui j(s) = 3 ((a}a? +b}b?)cos(z@l — jO*)+
+ (—a}b? + b}a?) sin(i0! — j6°)+
+ (—b;b5 +aja3)cos(if' + jO%)+
+ (a/ b5+ bja;)sin(i6" + j62)> :
From definition of d and (22) it follows that Vi € N, j € N the relation
1 0(8?)
= [( Wpin 0))ds = .
; COS (]((J) s+ ())) S i (30)

[kd,(k+1)6]
is valid. Taking into account (30) and (2), one obtains the estimate

2
/ bl cos (j6f (s))ds = 0(2 )

J
[kd,(k+1)8]

Similar estimate is also valid for the addends with sin.
Consider the addend involving cos(i0 (s) + jO(s)) in w; ;(s). By (2) it can be
obtained i0' (kd) 4 jO*(kd) > (i + j)@min. Then (30) yields the following relation
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cos (i(el (k) + 0" (k8)(s — k8))+
[k8,(k+1)6]
+j(0%(kd) + 92(k6)(s—k6)))ds -
— / cos((iél(k6)+j92(k5))s (31)
[kS,(k+1)8]
— (i0" (kd) + jO? (k8))kd

+ (i6' (ko) +j92(k5))k5)ds =0 (%) :

Then

S

M —b; b2 +alla2
E / fj cos (i(ﬂkl (s)) +j(9kz(s))>ds =
I=Vs (k+1)0)

M 0(52>

220

1y

[

The convergence of series E 2 ) implies that the above expression is O(52).

ij l+]

Obviously, a similar relatlon occurs for the addend sin(i6] (s) + j67(s)).
Thus, by (29)

o)~ Gl = St — ko) »
k=0 [k&(k{l)é] {E E

=1 =1

ala’+b'b2
{%Cos (iekl (s) - jek2<s))

.
2 plg?

+ = sin (inl (s) - j9k2(s)) }—

— cp(@kl (s)— 6,3(5))}(15—1—0(6) )

Note that, here, the addends with indices i = j give, in sum, ¢ (6. (s) — 67(s))
with accuracy to O(9). Consider the addends with indices i < j, involving cos (for
the addends with indices i > j, involving sin, similar relations are satisfied). By (3),
similar to (31), the following relation

%21 a}a§+b b / Cos(i(ekl(s))—j(@kz(s))>ds:

(k5 ,(k+1)5]

- E E o (ij!il—j\) = o)

=2 j=
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is valid (see Lemma 2).

Let us now proceed to the proof of the used auxiliary lemmas.

One can show that it is possible to choose sufficiently small neighborhoods of
points of discontinuity of f(6(t)), in which there are also points of discontinuity of
f(6k(s)) (see. Fig. 12, indicated neighborhoods are hatched). Then f(6(s)) can be
approximated with the help of f(6g(s)) (see. Corollary 1).

f(Bk(s)) — |

f(@(s)) o ;me;;m cmme fmmh |
kb (k+1)6

Fig. 12: Approximation of function f(6(s)) with the help of f(0(s))

Lemma 1. Suppose, f(0) is piecewise-differentiable 2z -periodic bounded function.
6(t) is a smooth function such that the conditions of high-frequency property (2)-
(4) are satisfied. Then there exist sets E. y such that any e-neighborhood of point
of discontinuity of f(6) acted by 071(s) and 6, '(s), attains the same interval,
completely contained in E, i, where

6k (s) = 0(k6) + 6(kd)(s — ko), (32)

in which case these sets are small:

] ds = 0(8?). (33)
Ez.k

Proof. By the data, f(6) is bounded on R. If f(6) is continuous on R, then the
assertion of Lemma is obvious. Consider the case when f(0) has at least 1 point of
discontinuity.
Taking into account (4) and a smoothness of 8, it is possible to introduce the
following notion
Omin < My = {kéli[;—llpl)a] Q(S)?

n < My = 0(s).
Wmin = M| [kéli[i’lci}i} 5] (S)

Then for 5 € [k6, (k+ 1)8] one obtains
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0(kd) + my(s — k) < 0(s) < 0(kd) + My(s — kd). (34)
Then (32) implies
Ok(s) € [0(kD),0(kd) + M.
Suppose, ay,az, ...ay are discontinuity points of f(6) such that
aje [6(k(3),6(k5)+Mk6]. (36)

Here there are altogether O( %) intervals of length 6 on [0,7], on each of which the
increase of 0(s) is less than AQ. Thus, 6(s) < Win +AQO(3), ie. My = 0(#).
If on interval [0,2s] the function f(6) has Njg», discontinuities, then on interval
of the length M; 0 there are N = zl—anéN[072n] discontinuities. However M; 6 =
O(3)8 = O(5). Thus, N = O(3).

Consider e-neighborhoods

stj;k:(aj_gaaj+€), 0<e<$.

The choice of such neighborhoods becomes clear in proving Lemma from the latter
relations of (42).
Introduce the following notion

aj—e—0(kd)+Mkd aj+¢e—0(kd)+ mkd _F 37)
Mk ’ nmy CTEkDY

E!, =E! n[kd,(k+1)d]. (38)

In this case if s € [k0, (k+ 1)9] \Egjk then 6(s), O (s) do not attain & - neighbor-
hoods of a;, denoted by ng - Denote

N
E.r=J El,. (39)
=1

This implies that the condition (48) is satisfied.
Further, for E, ;, it will be proved that property (33) is satisfied. The following
estimation

(40)

/d (e O0) Fmkd ;=& — O(kS) + Mikd
t= my, M

Jj
Ee,k

is valid. Using (34), one obtains |Mj — my| < C. Then
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ajte—O(kS)+mkd aj—e—0(kd)+Mkd _

my M, -
i—0(kd)) (M —
- (a; = O3) (Mi—mi) (1 1\ (mko Mikd g
My, mg My my M,
Mk — Ny 2¢
<(a;j—0(kd <
N (a] ( )) Mkmk * WOmin
C 2¢
<(a;j—0(kd))—— . 41
N (a] ( ))Mkm * Wmin ( )
By (36)
C 2¢
aj—0(kd + <
(j -6 >)Mkmk Opmin
C 2¢
< Md + <
¢ Mymy — Opin
Co 2¢
< —+ <
mg  Wmin
Co 2¢
<=4+ = =
Wpmin Wnin
= 0(8%) +£0(8?). (42)
The relations (40), (41), and (42) imply
/ds= 0(8%). 43)
E/

Taking into account that the number of points of discontinuity are equal to N =
o (%) , one proves the assertion of Lemma 1:

N
/ds: > /ds:0(52). (44)
E¢ j:lEj

Corollary 1. Suppose, f(0) is a piecewise-differentiable 2r-periodic bounded func-
tion. 0(t) is a smooth function and the conditions of high-frequency property (2)—(4)
are satisfied.

Then
(k+1 (k+1)0

)8
| roends= [ f6us)+ 02, @5)
ko ko

where

Ok(s) = 0(kS) + 0 (kd) (s — k). (46)
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Proof. By the data, f(6) is bounded on R. If f(6) is continuous on R, then the
assertion of Lemma is obvious. Consider the case when f(6) has at least 1 point of
discontinuity. Since the conditions of Lemma 1 are satisfied, there exist sets E ;.
Then the use of (33) and the boundedness of f(0) gives

| seenas= [ ree)ds+o(e),
)]

kS, (k+1 kS, (k+1)8)\E,.
(ko (k+ (kS ,(k+1)0]\Eqg & 47

F(6u(s))ds = / F(6u(s))ds +0(82).
[kS,(k+1)0] [k, (k+1)0]\E; x

In addition, according to assertion of Lemma 1, the functions f(6) are differentiable
with respect to 0 and their derivatives are bounded for

0 c{0(s)|s € [kd,(k+1)0]\ Eec s} U{Ok(s)|s € [kO,(k+1)0]\ E¢ }, (48)

i.e. on this set, f(0) is Lipschitzian.

By (46) and (4)
(k+1)8
0(s) = 6/(kd) + / O(v)dv = 6(s) + 0(8). (49)
ko
Then (48) and (49) yeld

|£(0(5)) — £(6k(s)) |ds = O(8%),

[k, (k+1)0]\E¢ &

/ £(0(s))ds = / F(61(s))ds +0(8?),

[kd,(k+1)0]\E¢ « (k0 ,(k+1)8]\E; «

(50)

Then (47) implies the assertion of Lemma. l

Lemma 2. The following series .
=1 =T

1
ijli—Jl

converges.

Proof. For Lemma to be proved, it is sufficient to prove convergence of the follow-
ing series

8

i—1 1
51
206 e

2 =1

~

Consideri =9
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9\1(9—1) 2(9-2) 3(9-3) 4(9-4) 509-5) 6(9-6) 7(9-7) 8(9-8)
1 ( 1 1 1 1 " 1 B 1 5 1 . 1 4 1
19—-1) 2(9-2) 3(9-3) 409-4) (O—-4)4 ((©-3)3 (9-2)2 (©O-1)1
(52)
This implies that it is sufficient to prove convergence of the following series

"9

(33)

where |[x| = max d. Since
deZ, d<x

1

54
iv(i—y) G
decreases for y € (0, ﬂi] ,1 > 2, one obtains that

,_
s
ey

M

+

2
1 1 1
< dy, i 2 55
DT >

However
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= é(log(y) —log(i—y)) ’1 =
= i%(log(%) —log(i— %) —log(1) +log(i — 1)) =

_ log(i—1)

i '

(56)

It follows that a series
(57)

converges. il
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Abstract: The phase-locked loop with squarer is a classical phase-locked loop (PLL) based
carrier recovery circuit. Simulation of the loop is nontrivial task, because of high-frequency
properties of considered signals. Simulation in space of signals’ phases allows one to overcome
these difficulties, but it is required to compute phase detector characteristic. In this paper for
various waveforms of high-frequency signals new classes of phase detector characteristics are
computed for the first time. The problems of rigorous mathematical analysis of the control
signal of voltage-controlled oscillator are discussed. Nonlinear model of PLL with squarer is

constructed.

Keywords: Squaring circuits, Squarer, Nonlinear circuits, Circuit models, Nonlinear analysis,
Phase-locked loop, PLL, Non-sinusoidal signal, Non-harmonic signal

1. INTRODUCTION

A PLL with squarer is a classical phase-locked loop (PLL)
based circuit for carrier recovery [Bullock (2000); Best
(2007); Hershey et al. (2002)]. Nowadays PLL with squarer
is used in Global Positioning Systems (GPS) [Goradia
et al. (1990); Kaplan and Hegarty (2006)], power systems
control [Chang and Chen (2008); Sarkar and Sengupta
(2010)] etc.

Although PLL is essentially a nonlinear control system,
in modern engineering literature, devoted to the analysis
of PLL-based circuits, the main direction is the use of
simplified linear models, the methods of linear analysis,
empirical rules, and numerical simulation (see a plenary
lecture of D. Abramovich at American Control Confer-
ence 2002 [Abramovitch (2002)]). While linearization and
analysis of linearized models of control systems may lead
to incorrect conclusions! attempts to prove the reliability
of conclusions, based on the application such simplified
approaches, are quite rare (see, e.g., [Suarez and Quere
(2003); Margaris (2004); Feely (2007); Banerjee and Sarkar
(2008); Feely et al. (2012); Suarez et al. (2012)]). Rig-
orous nonlinear analysis of PLL-based circuit models is
often very difficult task, so for analysis of nonlinear PLL
models numerical simulation is widely used. However for
high-frequency signals, complete numerical simulation of
physical model of PLL-based circuit in space of signals,
described by nonlinear non-autonomous system of dif-
ferential equations, is highly complicated [Abramovitch

1 see, e.g., counterexamples to filter hypothesis, to Aizerman’s and

Kalman’s conjectures on absolute stability, [Leonov and Kuznetsov
(2011a,b); Kuznetsov et al. (2011a); Bragin et al. (2011); Leonov
and Kuznetsov (2013)] and Perron effects of Lyapunov exponents
sign inversions for time-varying linearizations [Kuznetsov and Leonov
(2005); Leonov and Kuznetsov (2007)]),

(2008a,b)] since it is necessary to simultaneously observe
“very fast time scale of the input signals” and “slow time
scale of signal’s phases”’. Here a relatively small discretiza-
tion step in numerical procedure does not allow one to
consider transition processes for high-frequency signals in
a reasonable time.

To overcome these difficulties, it is possible to construct
mathematical model of PLL-based circuit in space of sig-
nals’ phases described by nonlinear dynamical system of
differential equations. In this case it is investigated only
slow time scale of signal’s phases and frequencies. That,
in turn, requires [Leonov et al. (2012b)] the computation
of phase detector characteristic (nonlinear element which
is used to match reference and controllable signals), which
depends on waveforms of considered signals [Kuznetsov
et al. (2011c,b, 2010)]. However, the use of results of anal-
ysis of this mathematical model for the conclusions, con-
cerning the behavior of the considered physical model, re-
quires rigorous justification [Leonov et al. (2011b, 2012b)].

All in all it should be remarked here that the requirement
of convergence in regarding to nonlinear non-autonomous
control systems with input [van den Berg et al. (2006)]
for certainty of limit solution computation, and also the
discovery of hidden oscillations (which cannot be found by
standard simulation) [Leonov et al. (2011a, 2012a)] in non-
linear dynamical models of PLL [Leonov and Kuznetsov
(2013)] make unreliable the use of simple modeling and
show the importance of development and application of
analytical methods for analysis of nonlinear models of
PLL-based circuit.

In this paper effective approaches to rigorous nonlinear
analysis of classical analog PLL with squarer are dis-
cussed. An effective analytical method for computation of



multiplier /mixer phase-detector characteristics is demon-
strated. For various non-sinusoidal waveforms of high-
frequency signals, new classes of phase-detector charac-
teristics are obtained, and dynamical model of PLL with
squarer is constructed.

2. DESCRIPTION OF PLL WITH SQUARER IN
SPACE OF SIGNALS

Consider classical PLL with squarer at the level of elec-
tronic realization (Fig. 1)

dc offset f?’ﬂ’(l))@ £low) 1) [loop
filter filter

(o)
m(f) fie'e) ; ﬂgaﬂ))

Fig. 1. Block diagram of PLL with squarer at the level of
electronic realization.

Here m(t)f1(91(t)) is an input signal, where m( Ji=4£T
is transmitted data and f!(t) fY@'(t)) is carrier
oscillation. VCO is a voltage-controlled oscillator, which
generates oscillations f2(t) = f2(6%(t)). Here 6%%(t) are
phases. Squarer block multiplies input signal by itself and
the following filter removes dc offset [Best (2007)].

The block (X) is a multiplier (used as phase-detector (PD))
of oscillations f*(t) and f?(t), the signal f*(6'(¢)) f2(6(t))
is its output. The relation between the input £(¢) and the
output o(t) of linear filter is as follows:

o(t) = ag(t) + ./0 y(t —T7)&(T)dr, (1)

where «(f) is an impulse response function of filter and
ag(t) is an exponentially damped function depending on
the initial data of filter at moment ¢ = 0. By assumption,
~(t) is a differentiable function with bounded derivative
(this is true for the most considered filters Best (2007)).
The operation of circuit in Fig. 1 without data m(t)
corresponds to the work of classical PLL.

1(5In(2w t—2w't)+
dc offset|cos2w't) Mloop
ﬁlterJ T “lfilter

cosiw't)
mit)cos(w't) sin{2w't)
o+ pauarer |
I_|_|_
VAN

Fig. 2. PLL with squarer
In the simplest case of input signal with harmonic carrier
(see Fig. 2)

m(t) f1(6"(t)) = m(t) cos (w't), m(t) = £1.
The output of the squarer block after filtration de offset is
equal to

(61 (1) =
To obtain synchronization for harmonic signals, the output
of VCO should also have doubled frequency [Best (2007)]

2
mz(t) cos (Zwlt) = %cos (2w1t).

(this is true for all signal waveforms for which the squaring
results in a doubling of frequency, e.g., sinusoidal and
triangular waveforms; for the squared sawtooth signal its
frequency does not change, see Fig. 3 and Fig. 4):

£2(6%(t)) = sin (2w’t).

- — — - Sawtooth waveform
— Squared sawtooth waveform
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Fig. 3. Sawtooth waveform, frequency of the signal is not
doubled after squaring

- — — - Triangle waveform
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Fig. 4. Triangle waveform, frequency of the signal is
doubled after squaring

Thus the output of multiplier becomes

FLe') F20%() = %cos (2w't) sin (2w%t) =

2 _wht) +sin(2(w? + wl)t}),

1

= { sinif2

i (sm[ (w
Standard engineering assumption is that the filter removes
the upper sideband with frequency from the input but
leaves the lower sideband without change. Thus it is
assumed that VCO input is isin (21[&.?2 — wl)t).

This result was known to engineers (see, e.g., [Gardner
(1966); Best (2007)]) but had no rigorous mathematical
justification. Here this result is generalized and rigorously
proved for the general case of signal waveforms. Nowadays
PLL with squarer with non-sinusoidal waveform is used,
for example, in power systems (see, e.g., [Sarkar and

Sengupta (2010); Chang and Chen (2008)]).



3. COMPUTATION OF PHASE DETECTOR
CHARACTERISTIC

Suppose that the waveforms f12(#) are the bounded 27—
periodic piecewise differentiable functions(what is true for
the most considered waveforms). Consider Fourier series
representation of such functions

fP(0) = i (a? sin(if) + bf cos(if)), p=1,2,
= % f (0) sin(if)de, b = % f_: fP(0) cos(i0)do

—N

A high-frequency property of signals can be reformulated
in the following way. By assumption, the phases 67 (t) are
smooth functions (this means that frequencies are changed
continuously, what corresponds to classical PLL analysis
[Best (2007); Kroupa (2003)]). Suppose also that there
exists a sufficiently large number wmin such that on fixed
time interval [0, T the following conditions

6°(1) > Wmin >0, p=1,2 (2)

are satisfied. Here T is independent of wmi, and 9p{t)
denotes frequencies of signals. The frequencies difference
is assumed to be uniformly bounded

|61 (r) — 6%(7)| < Aw, ¥r € [0,T]. (3)
Requirements (2) and (3) are obviously satisfied for the

tuning of two high-frequency oscillators with close fre-
quencms iBest (2007); Kroupa (2003)]. Let us introduce
5= w ', Consider relations
|6p(7)_6p(t)| EAQ, p:1:2s (4)
[t—7| <48, ¥r,tel0,T],
where Af) is independent of 4 and t. Conditions (2)—(4)

mean that the functions 67 (r) are almost constant and
the functions fP(#P(r)) are rapidly oscillating on small
intervals [t, ¢ + d].

The boundedness of derivative of v(¢) implies

[v(r) —~()| =0(8), |t—7|<é, ¥r,te[0,T]. (5)
Consider two block diagrams shown in Fig. 5 and Fig. 6.
dc offset|f1010) —, F10W)E W) Toop | &)
filter filter
(rew) | rw)

(O OO quarer

Fig. 5. Physical model of PLL with squarer in space of
signals.

ot @®'1)-61) | loop
@m filter

Fig. 6. Model in space of signals’ phases.

In Fig. 6 912(t) are shown the phases of oscillations
f12(6%2(t)). Here phase detector is nonlinear block with

G
o

characteristic (f). The phases #12(t) are the inputs of
PD block and the function @(#1(t) — 62()) is the output.
The waveform of phase detector characteristic depends on
the waveforms of input signals.

In both diagrams the loop filters are the same. They
have the same impulse transient function +(f) and the
same initial conditions. The slave oscillator inputs are the
functions g(t) and G(t), respectively.

The signal f5(61(¢))f2(6%(¢)) and the function (6(t) —
#?(t)) are the inputs of the same loop filters with the same
impulse response function «(f) and with the same initial
state. The outputs of loop filters are the functions g(t) and
G(t), respectively. By (1), one can obtain g(t) and G(t):

o(t)=ao(t) +f0 At — 1) £ (61(r) £2(6%(r)) dr,
C(t)=ao(t) +f0 v(t —T)p(0 (1) — 6%(1))dr

Then, by the approaches, outlined in [Leonov (2008)] and
[Kuznetsov et al. (2011c,b, 2010)], the following result can
be rigorously mathematically proved.

Based on the (2), for convenience, we introduce the follow-
ing notation

al,=a}, b,=—b, h<0 hel (7)

Theorem. Let conditions (2)—(5) be satisfied and

Z ( (Ala} + Bib}) cos(16)+

=1

Nll—‘

(AI b! BI )S]DUG))

Al a, (Gm+1 +ah )+ b5 (b + B, k)

Nlll—‘

MBH MB

m(a'm-l-k BH a’m—k))

(8)

(m(

+i_bm. i}

I =

1

3
Il

Then the following relation

|G(t) — g(t)| =0O(8), Vte[0,T] (9)

is valid.



3.1 Phase detector characteristics ezamples

f1(0) = sin(8), 77(0) = sin(20), p(f) = —% sin(26)

SR =]
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£10) =% 5 ke cos (20— 10),
£6) =& 3 L cos ((4n— 2)0),

(Zn—1)2

p(d) = ,IF—E % [4‘14_2],‘ cos ({471. L 2}9)

=

1
.5
o
.5
1

= o=

0z 46 awIZN §;|2;|5131Io1|21l4_
F1(0) = sin(f), f%(#) = sensin(20),
©(0) = — L sin(26)
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4. EQUATIONS OF PLL WITH SQUARER IN SPACE
OF SIGNALS’ PHASES

From the obtained results it follows that block-scheme
(Fig. 1) of PLL with squarer in space of signals (for high-
frequency generators) can be asymptotically changed to
block-scheme in space of signals’ phases (Fig. 7).

Here PD is a phase detector with the corresponding char-
acteristics @(#). One should make a remark concerning the
derivation of differential equations of PLL with squarer.

Note that, by assumption, the control law of tunable
oscillators is linear:

05C e 3'.?) PD ‘F@fﬁ'- Hsﬁp loop
filter

git)

Fig. 7. Phase-locked loop with phase detector

62(t) = w? + LG(t). (10)
Here w® is a free-running frequency of tunable oscillator,
L is a certain mumber, and G(t) is a control signal, which
is a loop filter output (Fig. 6). Thus, the equation of PLL
with squarer is as follows

62(t) = w2+

+L(ag(t) +j'y(t—'r)r,a(f)1[’r) = 92(7))(17). (

0

2

11)

Assuming that input signal carrier is such that 6! (t) = wl,

one can obtain the following equation for PLL with squarer

(6'(t)—0°(1)) +

+L(a0(t) +fe- r)so(el(»r)—ez(-r))dT) ~ ()
ol 9

which is an equation of classical PLL.

The analysis of PLL with squarer models is based on
the theory of phase synchronization. Modification of di-
rect Lyapunov method with the construction of periodic
Lyapunov-like functions, the method of positively invari-
ant cone grids, and the method of nonlocal reduction
turned out to be most effective [Leonov et al. (1996);
Kudrewicz and Wasowicz (2007); Leonov et al. (2009)].

CONCLUSION

In this paper an effective approach, based on construec-
tion of mathematical model in space of signals’ phases,
to investigation of phase-locked loop with squarer is dis-
cussed. Mathematical model of PLL with squarer for non-
sinusoidal signals is constructed and new classes of phase
detector characteristics are computed for the first time.
Methods for rigorous mathematical analysis are discussed.
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Abstract— This article is devoted to simulation of classical
phase-locked loop (PLL). Based on new analytical method
for computation of phase detector characteristics (PD), an
realization in Simulink for simulation of classical PLL in phase
space for general types of signal waveforms is done. This enables
to avoid a number of numerical problems in the simulation of
PLL in signal.

I. INTRODUCTION

Various methods for theoretical and numerical analysis
of phase-locked loops are well developed by engineers and
considered in many publications (see, e.g., [1]-[4]), but the
problems of construction of adequate nonlinear models and
nonlinear analysis of such models are still far from being
resolved.

As noted by D. Abramovitch in his keynote talk at
American Control Conference [5], the main tendency in
a modern literature on analysis of stability and design of
PLL [6]-[9] is the use of simplified linearized models, the
application of the methods of linear analysis, a rule of thumb,
and simulation. However it is known that the application of
linearization methods and linear analysis for control systems
can lead to untrue results and, therefore, requires special
justifications. In 50-60s of last century the investigations
of widely known Markus-Yamabe’s, Aizerman’s conjecture
(Aizerman problem) and Kalman’s conjecture (Kalman prob-
lem) on absolute stability have led to the finding of hidden
oscillations (which can not be found by the above methods)
in automatic control systems with scalar piecewise-linear
nonlinearity, which belongs to the sector of linear stability
(see, e.g., [10]-[13] and others).

Standard numerical analysis also often can not reveal
nontrivial regimes. In 1961, Gubar’ [14] showed analytically
the possibility of existence of hidden oscillation in two-
dimensional system of phase locked-loop with piecewise-
constant impulse nonlinearity. In the system considered from
computational point of view all trajectories tend to equilibria,
but, in fact, there is a bounded domain of attraction only.
Recently the chaotic hidden oscillations (hidden attractors —
a basin of attraction of which does not contain neighborhoods
of equilibria) were discovered [15]-[19], in electronic Chua’s
circuit. Hidden attractors can not be found by standard
computational procedure (in which after transient process
a trajectory, started from a point in a neighborhood of
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equilibrium, reaches an oscillation and identifies it). Also
investigation of bifurcations in phase locked-loop requires
development and application of special numerical procedures
[20]-[22].

Simulation of PLL can be performed in signal/time domain
or in phase-frequency domain. Full simulation of PLL in
signal/time domain is rare because of nonlinearities of phase
detectors and high frequencies of considered signals. Accord-
ing to D. Abramovitch [23], [24]:“Generally, a simulation
step size, which is small enough to clearly observe the
dynamics of the phase detector, makes it difficult to observe
the dynamics of the entire loop.”

There is another approach, which allows one to sim-
ulate PLL systems in phase-frequency domain, consider
only slow time scale and significantly reduces simulation
time. But such consideration requires justification. Here for
constructing an adequate nonlinear mathematical model of
PLL in phase-frequency domain it is necessary to find a
characteristic of phase detector. This characteristic depends
on the realization of phase detector and the types of signals at
the input. The characteristics of phase detector for harmonic
and square wave signals are well known to engineers [1], [4],
[5]. However, in a number of applications a non-sinusoidal
signal must be considered [25]-[28]. Below, following [29]—
[32], an effective approach for simulation of classical PLL
in phase-frequency domain for general class of signals is
considered.

II. MATHEMATICAL EXPLANATION OF SIMULATION IN
PHASE-FREQUENCY DOMAIN

As mentioned above, PLL simulation in phase-frequency
domain is highly efficient but strongly depends on signal
waveforms and requires some mathematical justification.

In this section the required clarification, providing phase-
detector characteristics for wide class of signal waveforms,
is made.

Consider a passage of product of high-frequency oscilla-
tions through linear filter (Fig. 1).



P NACKY] FACLTa (a7
ST 20
osc,,, }4—{ Filter
Fig. 1. PLL in signal space

The signals f1(61(t)) and f2(6%(t)) are high-frequency
oscillations [30], [33], [34] (the signals of master and slave
generators, respectively); block X denotes an analog multi-
plier. The output of multiplier is connected with the Low Pass
Filter (LPF, Loop Filter). The output of filter g(t) is used as
a control signal for slave oscillator (VCO) frequency.

Consider a Fourier series segment of signal waveforms

FA(0):
M
fP(6) =" (af cos(if) + B sin(i)), p=1,2. (1)
i=1
Assume that for phases of signals 6P(f) the following
condition

0°(t) > Wmin, p={1,2} 2

is valid, where wmin is sufficiently large. Here wmin is the
low boundary of frequency range of signals. Following [29],
[35]. the number M should be chosen such that

1
\/L:min .

For smooth functions the estimation M >/, guaranties
this condition.

The frequency difference is assumed to be uniformly
bounded

Z (a? cos(i@) + b sin(if)) <

i=M

(3)

|6'(r) — 62(1)| < Aw, Vr €[0,T). )

Here T is independent of wmin, 6P (t) are signal frequencies.
Introduce the following notation

1
b= 5
Wmin )
Consider the relations
|67(r) — 6P(8)| < AQ, p=1,2,
(6)

t—7| <6, Vrte[0,T],

where A2 is independent of § and t.
Consider now a block-scheme in Fig. 2. Here PD is a

gt el ait)

0sC,,. }4@{ Filter

Fig. 2. PLL in phase-frequency domain

nonlinear block with the output (6 (t) — 62(t)), where
1 oo
pO) =35> ((a}a? + by bi) cos(10)+
2 i=1

+ (bla} — a}b}) sin(fﬁ)).

The characteristics and initial states of filters, shown in Fig. 1
and Fig. 2, coincide. Then one can mathematically prove

[29]-[31] that under conditions (1)-(6)
G(t) — oft) = 0. @

For general class of signals, relation (7) permits one to
proceed simulation of PLL in phase-frequency domain.

III. SIMULATION MODEL

Let us demonstrate how the formulated above result allows
one to improve simulation of PLL. For this purpose we
consider several models of PLL: in phase-frequency domain,
in signal/time domain, and linear model. Here it is assumed
that the output signals of VCO and master oscillators have
sawtooth and triangular waveforms (other waveforms can be
analyzed in a similar manner).

Consider Matlab Simulink model of PLL in the signal/time
domain shown in Fig. 3. Here we have standard Simulink

o i &
Master oscillator Product Loop Filer
tepdback
:I[“ . output in
WVCO signal Voo
Fig. 3. Matlab Simulink model of PLL in signal/time domain

blocks: Product as a phase detector, feedback and VCO
signal scopes for collecting results of simulation, master
oscillator (Fig. 4), and VCO and Loop Filter subsystems.

-..’T‘ > d

| .
== s *| maTLAB Fen '%Tl;j
Frequency Integrator sawiooth

Fig. 4. Master oscillator design

Loop filter design is shown in Fig. 5. It consists of a block
with ;11 transfer function. VCO block has straight forward

ol X »

Transier Fon

Fig. 5. Loop Filter block

structure (Fig. 6). Interpreted MATLAB Fcn block represents
an output signal waveform. In the considered case it is equal
to —sawtooth(u,0.5) (—sawtooth(u) for master oscillator)
function.
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triangular

Fig. 6. VCO

In phase-frequency domain we have the same filter and
scopes, the oscillator outputs are equal to phases of signals

(Fig. 7).

phase {ir
out Ll Out

im

Master psclator
PD Loop Fiker
Teedback
l‘~. phass In
VCO phaze

Voo

Fig. 7. Phase-frequency domain model

For sawtooth signal the Fourier coefficients take the form

o) =23 > sin(i),
= g (8)
a=g w=2
= R

Triangular signal has the following coefficients
s z e

(2i — 1}9:'r2
az; =0,02=0, ieN.

12(0) = DDB((Q% —-1)6),

9

2
az; 1 =

PD block realizes the phase detector characteristic function
(8 —6?) (Fig. 8). Corresponding MATLAB Function code

nets ol ——(5 )
fen

MATLAB Function

Subiract

Fig. 8. PD Simulink block

is shown in Fig. 9.

Consider now linear model of PLL. It differs from sig-
nal/time domain model in PD design, which is shown in
Fig. 10. By (7), phase detector characteristic is equal to

o(0'—6%) = gz(m 331n({2£ 1)(6'—6%)). (10)

|'Funct'| ny- feniu)

5 + s n( (21 3% 0) /A (2%H9-1 )/ (2%3-10/02%1-1 )5

BN T ST R
|

i3]
|

y = By pispispet;

Fig. 9. MATLAB code

Then the linearized PD characteristics are equal to

1 g9 ol g2y B - 1 L
(@ —0°) = (68" — 6 )13 I:EI @—1)e " Tr(ﬁ 6°).
(1)

phase1

o B
2 r&f
Gain

Subiract

14 €D
Outt

Fig. 10. Linear model of Phase Detector

IV. SIMULATION RESULTS

Simulation parameters are shown in Table L. Since it is im-
possible to compute infinite sum of series in (7), only the first
M terms of the sum are taken into the account. In Fig. 11 is

TABLE I
SIMULATION PARAMETERS

VCO frequency 99Hz
OSCiaster frequency 100Hz
Filter transfer function =
VCO input gain 10
Simulated time 20 seconds
M 10

shown the outputs of filters in both domains (signal/time and
phase-frequency) simultaneously. Oscillating curve in the
background corresponds to feedback in signal/time domain
and thick line in the foreground corresponds to feedback in
phase-frequency domain. As we can see, even for M small
enough these curves are almost identical. But simulation in
signal/time domain takes significant time (about 10 minutes)
even for relatively low frequencies while phase-frequency
domain simulation is almost instantaneous.

For the same parameters, linear model behaviour is quite
different. In Fig. 12 are shown simulation results of both
signal/time domain and linear models. These results highly
differ from each other, comparing to the case of phase-
frequency domain.

As mentioned above, simulation in signal/time domain
with high frequency signals takes significant time and com-
putational power. So, in the following example the simulation
in phase-frequency domain is fulfilled only. Table II shows
simulation parameters.
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Fig. 12. Signal/time domain and linear models simulation. Filter output

TABLE I
SIMULATION PARAMETERS

VCO frequency 107 + 1Hz
O5Casier frequency 10"Hz (1 Ghz)
Filter transfer function o
VCO input gain 10
Simulated time 20 seconds
M 10

The results are shown in Fig. 13. Simulation takes less
than a second.

CONCLUSION

Based on new analytical method for computation of phase
detector characteristics, an realization in Simulink for sim-
ulation of classical PLL in phase space for general types
of signal waveforms is considered. This enables to avoid a
number of numerical problems in the simulation of PLL in
signal. Corresponding numerical examples are presented.

1V

-

Fig. 13. Phase-frequency domain simulation for 1 Ghz signals. Filter output
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Analytical Method for Computation of
Phase-Detector Characteristic

G. A. Leonov, N. V. Kuznetsov, M. V. Yuldashev, and R. V. Yuldashev

Abstract—Discovery of undesirable hidden oscillations, which
cannot be found by simulation, in models of phase-locked loop
(PLL) showed the importance of development and application of
analytical methods for the analysis of such models. Approaches
to a rigorous nonlinear analysis of analog PLL with multiplier
phase detector (classical PLL) and linear filter are discussed. An
effective analytical method for computation of multiplier/mixer
phase-detector characteristics is proposed. For various waveforms
of high-frequency signals, new classes of phase-detector character-
istics are obtained, and dynamical model of PLL is constructed.

Index Terms—Analog integrated circuits, nonlinear analysis,
phase-detector characteristic, phase-locked loop (PLL).

I. INTRODUCTION

ISCOVERY OF undesirable hidden oscillations [1],

which cannot be found by simulation, in phase-locked
loop (PLL) models [2] showed the importance of development
and application of analytical methods for the analysis of such
models. To carry out the nonlinear analysis of PLL, it is nec-
essary to consider PLL models in signal and phase—frequency
spaces [3]-[6]. For constructing an adequate nonlinear mathe-
matical model of PLL in phase—frequency space, it is neces-
sary to find the characteristic of phase detector (PD) (PD is
a nonlinear element used in PLL to match tunable signals).
The PD inputs are high-frequency signals of reference and
tunable oscillators, and the output contains a low-frequency
error correction signal, corresponding to a phase difference of
input signals. For the suppression of high-frequency component
at PD output (if such component exists), a low-pass filter is
applied. The characteristic of PD is a function defining a de-
pendence of signal at the output of PD (in the phase—frequency
space) on the phase difference of signals at the input of PD. PD
characteristic depends on the realization of PD and waveforms
of input signals.

The characteristics of classical PD—multiplier for typical
sinusoidal signal waveforms are well known to engineers [3],
[71-10].

Furthermore, following [11], on the examples of PD in the
form of multiplier, the general principles of computing the PD
characteristics for various types of signals, based on a rigorous
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Block diagram of PLL on the level of electronic realization.

Fig. 1.

mathematical analysis of high-frequency oscillations [12], [13],
will be considered.

II. DESCRIPTION OF CLASSICAL PLL IN SIGNAL SPACE

Consider classical PLL on the level of electronic realization
(Fig. 1).

Here, OSC,aster 1S @ master oscillator, and OSCqjave 18
a slave oscillator [tunable voltage-control oscillator (VCO)],
which generate oscillations f?(t) = fP(67(t)), p = 1,2 with
07 (t) as phases, correspondingly.

The block ) is a multiplier (used as PD) of oscillations
fFL(t) and f2(t), and the signal f1(¢)f2(¢) is its output. The
relation between the input £(¢) and the output o(t) of linear
filter is as follows:

o(t) = ap(t) + /’y(t —7)¢(T)dr (1)
0

where ~(t) is an impulse response function of filter and v (%)
is an exponentially damped function depending on the initial
data of filter at moment ¢ = 0. By assumption, () is a differ-
entiable function with bounded derivative (this is true for the
most considered filters [9]).

A. High-Frequency Property of Signals

Suppose that the waveforms f1:2(6) are bounded 27-periodic
piecewise differentiable functions' (this is true for the most
considered waveforms). Consider Fourier series representation
of such functions

HOE Z (af sin(i0) + b cos(i0)), p=1,2

i=1
af:%/f”(ﬁ) sin(i6)df bf=%/fp(9) cos(if)do.

A high-frequency property of signals can be reformulated
in the following way. By assumption, the phases 6(t) are
smooth functions (this means that frequencies are changing
continuously, which is corresponding to classical PLL analysis

IThe functions with a finite number of jump discontinuity points differen-
tiable on their continuity intervals.
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Fig. 2. Multiplier and filter; PD and filter.

[9], [10]). Suppose also that there exists a sufficiently large
number wy,i, such that the following conditions are satisfied

on the fixed time interval [0, 1']:
0P(7) > wmin >0, p=1,2 )

where 7' is independent of wy,i, and ép(t) denotes frequencies
of signals. The frequencies difference is assumed to be uni-
formly bounded

\91(7) - 9'2(7)] < Aw, Vrel0,T) 3)

Requirements (2) and (3) are obviously satisfied for the tuning
of two high-frequency oscillators with close frequencies [9],

[10]. Let us introduce § = w;(illl/ 2)_ Consider the relations
or(r) — ()] <a0, p=1,2
‘t7T| S(sv VT7t € [07T] (4’)

where AQ2 is independent of ¢ and ¢. Conditions (2)-(4) mean

that the functions 67 (7) are almost constant and the functions

fP(0P (7)) are rapidly oscillating on small intervals [¢,¢ + 0].
The boundedness of derivative of v(¢) implies

() = =00) [t—7|<é, Vr,te[0,T]. (5

III. PHASE-DETECTOR CHARACTERISTIC COMPUTATION

Consider the two block diagrams shown in Fig. 2. Here, PD is
anonlinear block with characteristic ¢ (). The phases 67 (t) are
PD block inputs, and the output is a function (6 (t) — 62(t)).
The PD characteristic ¢(6) depends on the waveforms of input
signals fP(6).

The signal f1(61(¢))f2(02(t)) and the function (6 (t) —
02(t)) are the inputs of the same filters with the same impulse
response function +(¢) and with the same initial state. The
outputs of filters are functions ¢(¢) and G(t), respectively. By
(1), one can obtain g(t) and G(t)

o(t) = aolt) + / At — )L (01(n)) 12 (0%(r)) dr
0

G(t)=ao(t)+ [ vt —T1)p (0" (r) — 6*(r))dr.  (6)

o

Then, using the approaches outlined in [11] and [14]-[16],
the following result can be proved.
Theorem 1: Let conditions (2)—(5) be satisfied and

o0)=3

WE

((ajai+b/b}) cos(16)+ (a; b7 —bjaf ) sin(16)) .

(M

=1

Then, the following relation:

lg(t) = G()| = 0(5), Vvt e[0,T]

is valid.
Proof: Suppose that ¢ € [0, 7). Consider the difference

olt) — G(t) = / (= 8) [F(61()) £2 (6%(5))

0
—p (0'(s) — 6%(s))] ds. (8)

Suppose that there exists m € N U {0} such that ¢ € [mJd, (m +
1)d]. By definition of ¢, we have m < (7'/6) + 1. The continu-
ity condition implies that () is bounded on [0, T'] and f*(6)
and f2(0) are bounded on R. Since f?(f) are piecewise-
differentiable, one can obtain

ir=of}) w-of) o

Hence, ¢(6) converges uniformly, and ¢(6) is continuous,
piecewise differentiable, and bounded. Then, the following
estimates:

(m+1)8
At = )1 (6'(5)) 12 (6%(5)) ds = O(3)
(m+1)5
/ Y(t—s)p (0" (s) — 6°(s)) ds = O(6).

are satisfied. It follows that (8) can be represented as

m

9H-GH=3"

k:O[

Y(t=s)
k8, (F+1)5)
x[f1(0'(5)) f2(6%(s)) = (6'(5)—67(s))] ds+O(9).

Prove now that, on each interval [kd, (k + 1)d], the corre-
sponding integrals are equal to O(42).

Condition (5) implies that, on each interval [kd, (k + 1)d],
the following relation:

V(t = s) = (t = k6) + O(9),

10)

t>s;  s,telkd (k+1)0].

an

is valid. Here, O(¢) is independent of k, and the relation is
satisfied uniformly with respect to ¢. By (10), (11), and the
boundedness of f1(6), 2(), and (), it can be obtained that

g(t)=G(t)=Y _ y(t—kd)
k=0 [k, (k-+1)8]
<[ (0(5)) £ (0°(5)) ¢ (0 (5) ~0°(s)) ] ds+O(5).

Denote

(12)

0L (s) = 0P (ko) + 6P (kd)(s — kd), p=1,2.
Then, for s € [kd, (k + 1)d], condition (4) yields

07 (s) = 0% (s) + O(9).
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From (3) and the boundedness of derivative ©(f) on R, it
follows that

[ 1o @ )-6%) ¢ (6h(s)-03(5)) | ds =0,
(6, (F+1)0]

13)

If f1(6) and f2(f) are continuous on R, then, for

L0 (s)) f2(62(s)), one obtains the following relation:

1t (91(5)) 12 (62(5)) ds

[k, (k+1)3]

- [ ree)reeso(y).

[k6,(k+1)3]

Let us consider why this estimate is valid for the consid-
ered class of piecewise differentiable waveforms. Since the
conditions (2) and (4) are satisfied and the functions §1:2(s)
are differentiable and satisty (3), for all £ =0,...,m, there
exist sets Fy [the union of sufficiently small neighborhoods of
discontinuity points of f1:2(¢)] such that the following relation
takes place: || g, ds = O(6?), in which case the relation is
satisfied uniformly with respect to k. Then, from the piecewise
differentiability and the boundedness of f2(#), it can be
proved (14).
By (14) and (13), relation (12) can be rewritten as

g(t)=G(t) =) y(t—ko)
[k6,(k+1)6]
[F1(016))*(026)) — 0 (04 (s) — 07 (s) Jds + O @)

[k, (k-+1)d)

(Z a;j cos (i0),(s))+b} sin (10 (s )))
X Zaicos(]@k( ) +b7 sin (j63(s))

15)

—p (0,{(3) 76‘,%(5)) ds+0(9).

Since the conditions (2)—(4) are satisfied, it is possible to choose
O(1/6) of sufficiently small time intervals of length O(5%),
outside of which the functions f?(6”(t)) and f?(6%(t)) are con-
tinuous. It is known that, on each interval, which has no discon-
tinuity points, Fourier series of the functions f!(6) and f2(6)
converge uniformly. Then, there exists a number M = M (§) >
0 such that, outside sufficiently small neighborhoods of discon-
tinuity points of f?(6”(t)) and f?(67(t)), the sum of the first A/
series terms approximates the original function with accuracy
to O(0). In this case, by relation (15) and the boundedness of
f1(0) and f2(0) on R, it can be obtained

m M M
=yt — ko) >3
k=0 [ké (kt1)s] =1 I=1
x i j(s) — @ (04 (s) — 67 (s))] ds + O(6)  (16)

where
1
wii(s) = 3 ( (aja? + b;b3) cos(ib" — j6?)

+ (fa}b? + b}af) sin(i&1 — j02)
+ (fb%b? + a%a?) cos(if + j6%)

+ (ajb? 4 bja3) sin(if' + j62)).

From definition of § and (9), it follows that, Vi € N, j € N
%COS (J (Wmins + co)) ds = %;P) (17)
[kd,(k-+1)d]
is valid. Taking into account (17) and (2), one obtains the
estimate
0(82)

jZ

V¥ cos (7O} (s)) ds =
k3, (k+1)3]
Similar estimate is also valid for the addends with sin.
Consider the addend involving cos(if}(s) + j6%(s)) in
i ;(s). By (2), it can be obtained i6' (kd) + j6%(kd) > (i +
J)wmin. Then, (17) yields the following relation:
cos ( (9 (ko) + 61 (ko) (s — k5)>
k3, (k+1)3)
+j <02(k5) + 02 (k6) (s — k5)> )ds

- / cos<<z‘91(k6)+j92(k6))s+i01(k5)+j02(k5)

[k6, (k+1)d]
— i(i6" (k) + 702 (k6) ) k) ds
52

:O(iJr.j)' (18)
Then
M M
Z Z / w cos (i (04(s)) +3 (67(s))) ds
=1 7= ks, (k41)6]

B M M 0(5
_;;ij(ﬁ

The convergence of series ;2 > 22, (1/ij(i + j)) implies
that the above expression is O(2). Obviously, a similar relation
occurs for the addend sin(if}.(s) + j0%(s)).

Thus, by (16)

g(t) — G(t)

= At — ko)
k=0 [k& (k+1)d]

M M b1b2
[E Z ( + cos (16’,1{(5) - jﬁﬁ(s))

=1 j=1

lb2 _ bl 2
+# sin (z@,ﬁ(s) — j9,€(s))>

— ¢ (0k(s) = 63(5)) |ds + O(9).
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Note that, here, the addends with indices i = j give, in
sum, ¢(0}.(s) — 0% (s)) with accuracy to O(J). Consider the
addends with indices ¢ < j, involving cos (for the addends
with indices ¢ > j, involving sin, similar relations are satisfied).
By (3), similar to (18), the following relation:

M i-1 1.2, 1112
alad+bl1? | .
Z Z # / cos (i (0(s)) —j (67(s))) ds
=27=1 (k6 (k+1)6]
M i1
1
=330 (577)
i=2 j=1 J J
=0(6%)
is valid. The proof of theorem is completed. |

Roughly speaking, this theorem separates low-frequency
error-correcting signal from parasite high-frequency oscilla-
tions. This result was known to engineers [9] for sinusoidal
signals only.

This theorem, for example, allows one to compute a PD char-
acteristic for the following typical signals [9] shown in the table
hereinafter. The waveforms f!2(6) of input signals are shown
in the left diagram, and the corresponding PD characteristic
©(0) is plotted in the right one.

A. Phase detector characteristics for equal signal waveforms

F1(8) = sin(8), F%(8) = sign sin(8), ¢(8) = = cos(9)
o) LT
8 of :
08 osf
3 ] S
0 2 4 6 8 1012 14

0 2 4 6 8101214

o) =

Z 2"—1)5('05( (2n —1)8),

—5 sin(8)

20 = sm(ﬂ) #(0) =

1 = - 1 F -
osF jl osh
oL SENNA
.u.s-// /m 0.5 4
g - el | b oo
024681101214 024681011214
o0

sm((2n 1)8)

£10) = ~28 L sin (n0), 9(0) =~
n n=1

f2(6) = "z_: W cos ((2n — 1)),

1T T ™3 D o
05 ] 05| ]
or 7 A [ S N
-05 05 F g
-1 A M/ A 4

02468101214 02468101214
f‘(&):f,z WCDS(Qu—IO),
n=1

£2(8) = sign sin(6), ¢(6) = Z i L

(2n—1)3
= - < e \F ———3
05 7\ 7(- 05| g
og;>( E ngW
e AV . HEL S ]
02468101214 02 46 8101214

B. Phase detector characteristics for mixed signal waveforms

fr 2(‘9) = sin(@), (9)

3 cos(6)

'
02458‘01214

Loon-

0 2 4 6 8101214

0 2 4 6 8101214

IV. DESCRIPTION OF CLASSICAL PLL IN
PHASE-FREQUENCY SPACE

From the mathematical point of view, a linear filter can be
described [9] by a system of linear differential equations
oc=cz

&= Az + be(t) (19)

a solution of which takes the form (1). Here, A is a constant
matrix, x(t) is a state vector of filter, and b and ¢ are constant
vectors.
The model of tunable generator is usually assumed to be
linear [9], [10]
62(t) = Wheo + LG(1),

€[0,7] (20)

where w2 __ is a free-running frequency of tunable generator and
L is an oscillator gain. Here, it is also possible to use nonlinear
models of VCO; see, e.g., [17] and [18].

_ Suppose that the frequency of master generator is constant
0*(t) = w!. Equation of tunable generator (20) and equation of
filter (19), yield

i=Az+bf' (01 (1)) £2(67(1)) 3))

The system (21) is nonautonomous and rather difficult for
investigation [4]. Here, Theorem 1 allows one to study more
simple autonomous system of differential equations [in place
of nonautonomous (21)]

6? :w;Tee—i-Lc*m.

& = Az + bp(A0) —w'+ Lz

AO =02 0.

A) = w?ree
(22)

Well-known averaging method [19]-[21] allows one to show
that solutions of (21) and (22) are close under some as-
sumptions. Thus, by Theorem 1, the block scheme of PLL
in signal space (Fig. 1) can be asymptotically changed [for
high-frequency generators, see conditions (2)—(4)] to the block
scheme on the level of phase—frequency relations (Fig. 3).

In Fig. 3, PD has the corresponding characteristics. Thus,
using asymptotic analysis of high-frequency oscillations, the
characteristics of PD can be computed. Methods of nonlinear
analysis for this model are well developed [4].
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Fig. 3. Block scheme of PLL in phase—frequency space.
0.24 0.238
0.232 {/
0.1
0.228|
0 6 12 1.25 1.4 15
Fig. 4. w?r =99 Hz, w! =100 Hz, L = 10, filter transfer functions

1/(s + 1), and triangle waveforms.

The simulation approach for PLL analysis and design, based
on the obtained analytical results, is discussed in [22].

It should be noted that, instead of conditions (3) and (5) for
simulations of real system, one has to consider the following
conditions:

|Aw| < Wnin |)‘A‘ < Win

where A4 is the largest (in modulus) eigenvalue of the matix
A. Also, for the correctness of transition from relation (8) to
relation (12), one has to consider T' << wyyin. Theoretical results
are justified by simulation of PLL model in phase—frequency
space and signal space (Fig. 4). Unlike the filter output for the
phase—frequency model, the output of the filter for signal space
PLL model contains additional high-frequcy oscillations. These
high-frequency oscillations interfere with efficient qualitative
analysis and simulation of PLL.

The passage to analysis of autonomous dynamical model of
PLL (in place of the nonautonomous one) allows one to over-
come the aforementioned difficulties, related with modeling
PLL in time domain, which were noted in a survey lecture of
well-known American specialist D. Abramovitch at American
Control Conference, 2008: One has to simultaneously observe
“very fast time scale of the input signals” and “slow time scale
of signal’s phase.”

V. CONCLUSION

The approach, proposed in this brief, allows one (mathemati-
cally rigorously) to compute multiplier PD characteristics in the
general case of signal waveforms and to proceed from analysis
of classical PLL in time space to analysis and simulation in
phase—frequency space. This allows one to effectively simulate
classical PLL.

(1]

[6]

[14]

[15]

[16]

[17

[18]

[19]
[20]
[21]

[22]

637

REFERENCES

G. A. Leonov, N. V. Kuznetsov, and V. I. Vagaitsev, “Hidden attractor
in smooth Chua systems,” Phys. D, Nonlin. Phenom., vol. 241, no. 18,
pp. 1482-1486, Sep. 2012.

N. A. Gubar, “Investigation of a piecewise linear dynamical system with
three parameters,” J. Appl. Math. Mech, vol. 25, no. 6, pp. 1519-1535,
1961.

A. Viterbi, Principles of Coherent Communications.
McGraw-Hill, 1966.

J. Kudrewicz and S. Wasowicz, Equations of Phase-Locked Loop. Dynam-
ics on Circle, Torus and Cylinder, ser. A. Singapore: World Scientific,
2007, vol. 59.

T.J. Yamaguchi, M. Soma, M. Ishida, T. Watanabe, and T. Ohmi, “Extrac-
tion of instantaneous and RMS sinusoidal jitter using an analytic signal
method,” IEEE Trans. Circuits Syst. II, Analog Digit. Signal Process.,
vol. 50, no. 6, pp. 288-298, Jun. 2003.

G. Manganaro, S. U. Kwak, S. Cho, and A. Pulincherry, “A behavioral
modeling approach to the design of a low jitter clock source,” IEEE
Trans. Circuits Syst. I, Analog Digit. Signal Process., vol. 50, no. 11,
pp- 804-814, Nov. 2003.

D. Abramovitch, “Phase-locked loops: A control centric tutorial,” in Proc.
Amer. Control Conf., 2002, vol. 1, pp. 1-15.

W. F. Egan, Frequency Synthesis by Phase Lock: John Wiley & Sons,
2000.

R. E. Best, Phase-Lock Loops: Design, Simulation and Application.
New York: Mcgraw-Hill, 2003.

V. E. Kroupa, Phase Lock Loops and Frequency Synthesis.
Wiley, 2003.

G. A. Leonov, “Computation of phase detector characteristics in phase-
locked loops for clock synchronization,” Doklady Math., vol. 78, no. 1,
pp. 643-645, Aug. 2008.

G. A. Leonov and S. M. Seledzhi, “Stability and bifurcations of phase-
locked loops for digital signal processors,” Int. J. Bifurcation Chaos,
vol. 15, no. 4, pp. 1347-1360, 2005.

N. V. Kuznetsov, G. A. Leonov, S. M. Seledzhi, and P. Neittaanmiki,
“Analysis and design of computer architecture circuits with controllable
delay line,” in Proc. 6th ICINCO, 2009, vol. 3 SPSMC, pp. 221-224,
INSTICC Press, Setubal, Portugal.

G. A. Leonov, N. V. Kuznetsov, M. V. Yuldashev, and R. V. Yuldashev,
“Computation of phase detector characteristics in synchronization sys-
tems,” Doklady Math., vol. 84, no. 1, pp. 586-590, Aug. 2011.

N. V. Kuznetsov, G. A. Leonov, M. V. Yuldashev, and R. V. Yuldashev,
“Analytical methods for computation of phase-detector characteristics and
PLL design,” in Proc. ISSCS, 2011, pp. 7-10.

N. V. Kuznetsov, P. Neittaanmiki, G. A. Leonov, S. M. Seledzhi,
M. V. Yuldashev, and R. V. Yuldashev, “High-frequency analysis of phase-
locked loop and phase detector characteristic computation,” in Proc. 8th
ICINCO, 2011, vol. 1, pp. 272-278.

L. Xiaolue, W. Yayun, and R. Jaijeet, “Fast PLL simulation using non-
linear VCO macromodels for accurate prediction of jitter and cycle-
slipping due to loop non-idealities and supply noise,” in Proc. Asia South
Pac. Des. Autom. Conf., 2005, pp. 459-464, ACM, New York.

A. Demir, A. Mehrotra, and J. Roychowdhury, “Phase noise in oscil-
lators: A unifying theory and numerical methods for characterization,”
IEEE Trans. Circuits Syst. 1, Fundam. Theory Appl., vol. 47, no. 5,
pp. 655-674, May 2000.

N. M. Krylov and N. N. Bogolubov, Introduction to Nonlinear Mechanics.
Princeton, NJ: Princeton Univ. Press, 1947.

F. C. Hoppensteadt and E. M. Izhikevich, Weakly Connected Neural
Networks. New York: Springer-Verlag, 1997, pp. 248-292.

1. G. Malkin, Some Problems in Nonlinear Oscillation Theory. Moscow,
Russia: Gostexizdat, 1962.

N. V. Kuznetsov, G. A. Leonov, S. M. Seledzhi, M. V. Yuldashev, and
R. V. Yuldashev, “Method for determining the operating parameters of
phase-locked oscillator frequency and device for its implementation,”
Patent 2 010 149 471/08(071 509) (RU), Oct. 27, 2011.

New York:

New York:






PV

COMPUTATION OF PHASE DETECTOR CHARACTERISTICS
IN SYNCHRONIZATION SYSTEMS

by

G.A. Leonov, N.V. Kuznetsov, M.V. Yuldashev, R.V. Yuldashev 2011 [Scopus]

Doklady Mathematics, Vol. 84, No. 1, pp. 586-590






ISSN 1064-5624, Doklady Mathematics, 2011, Vol. 8, No. 1, pp. 586— 590. & Pleiades Publishing, Ltd., 2011,
Original Russian Tect ©G.A. Leonov, N.V. Kuznetsov, M. V. Yuldashev, RV Yuldashev, 2011, published in Dokiady Akademii Nauk, 2011, Vol. 439, No. 4, pp. 459—463.

CONTROL
THEORY

Computation of Phase Detector Characteristics
in Synchronization Systems

Corresponding Member of the RAS G. A. Leonov?, N. V., Kuznetsov®?,
M. V. Yuldashev®?, and R. V. Yuldashev®?
Received February 10, 2011

DOI: 10.1134/51064562411040223

Phase locked loops (PLLs) are widely used in radio
engineering [10, 15] and computer architectures [1, 2,
4—9, 11-13]. Nowadays various software and hard-
ware implementations of PPLs are used. An advantage
of software implementations is that they are relatively
easy to create. However, this limits the maximum pos-
sible speed of operation, which is due to the internal
implementation of the software code [1, 3]. A short-
coming of hardware implementations is that they
require a complex nonlinear analysis of PPL models
[1, 11]. Below, we address one aspect of this analysis.

To construct an adequate nonlinear mathematical
model of PPLs, we have to determine [1] the charac-
teristic of a phase detector (PD), i.e., a nonlinear ele-
ment whose input is fed with signals from a reference
oscillator and a voltage controlled oscillator (VCO)
and whose output contains a low-frequency correcting
signal.

We consider a standard phase detector in the form
of a signal multiplier [10, 15]. The approaches
described in [7, 12] are used to develop a method for
computing the phase detector characteristics for vari-
ous classes of signals.

Consider the transmission of the product of high-
frequency oscillations through a linear filter (Fig. 1).
Here, ® is the multiplier, f1(8!(f)) and f2(6%()) are
high-frequency oscillations (signals produced by the
reference and VCOs, respectively) with their product
fed as input into the linear filter (low-frequency filter),
and g(¢) is the output of the filter.

Assume that £(8) and f%(0) are bounded 2r-peri-
odic piecewise differentiable functions (i.e., functions
with a finite number of jumps that are differentiable on
their continuity intervals). Then, according to the

@ Faculty of Mathematics and Mechanics, St. Petersburg State
University, Universitetskii pr. 28, Peterhof, St. Petersburg,
198504 Russia

e-mail: leonov@math.spbu.ru, nkuznetsov239@gmail.com,
renatyv@gmail.com, maratyv@gmail.com

b University of Jyviskylid, P.O. Box 35, FI-40014,
Mattilanniemi 2 (Agora), Finland

Lipschitz criterion [14], the Fourier series corre-
sponding to f1(0) and f2(B) converge to function val-
ues at continuity points and to the half-sum of the left
and right limits at discontinuity points. Recall that
functions different at a finite number of points are

equivalent in L[]_,[_ x - Therefore, f1(8) and SHO) are

considered with the values at discontinuity points
indicated by the Lipschitz criterion; i.e.,

Fl® =c+ i(ﬂ}sin(i9}+b,-'cos(.r’9}),

i=1

£0) =+ i(a?sin(fe)w,?cos(fe)),

i=1

& = ﬁ [rreosin(inas, (1

w1 [rreecos(ixyax,
Tl:

i 1J'f”(x)dx, pe{l,2}, ieN.
7|9

£©'n) FO O)A0%) &

RO Filter

20%(t
FHO) S

Fig. 1. Multiplier and the filter.
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The properties of Fourier coefficients for piecewise
differentiable functions [14] imply the estimates

d=01). w=0l) perray. @
i i

The input £(#) and the output o(#) of the linear filter
are related by the formula

o(1) = ay(t) + fr(t-DE(0)dr, 3)

where a,(f) is an exponentially decaying function
depending linearly on the initial state of the filter at =0
and y(?) is the impulsive transition function of the lin-
ear filter (o(#) and y(?) are hereafter assumed to be dif-
ferentiable functions with bounded derivatives). Then,
according to (3), the function g(¢) has the form

g = a0+ [re=0f 'O () (' (1)dr. (4)
0

Let 0'(¥) and 0%(?) be given by

0'(r) = o' (Nr+y', 0°(1) = @’ (N1 + vy,
where !(?) and ®*(?) are positive differentiable func-
tions, while y! and y? are constants. Based on the
assumptions about ®'(?) and »?(f) made above, ®w”(¥)
can be treated as the frequencies; 67(¢), as the phases;
and y?, as the initial phase shifts of the reference oscil-
lator and VCO at times corresponding to transient
processes.

Let us formulate the high-frequency properties of
the oscillators. On a fixed time interval [0, 7], which
can be divided into small subintervals of the form
[T, T + 8], we have

o’ (1) - " (D <C8, pefl,2}
Vte[t,t+0d], Vtel0, T-38],

where C is a constant independent of & or t. Without
loss of generality, we assume that the boundedness of
the derivative of y(f) implies the similar relation

y(t)=y(H) <Cd& Vrie[r,t+8],

&)

(6)
V1 e [0, T-3].
Suppose that there exists a number R such that
o’(t)2R>0, pe{l,2}, Vtel0,T],
(7

R = R(3) = o(slz), R>CT.

Assume that the frequency difference is uniformly
bounded:

lo'(n) -’ (0l <C, Vvrelo,T]. (8)

Here, C, is independent of .
It follows from (6) and (7) that, at short time inter-

vals, @?(7) is “almost a constant,” and its value is suffi-
ciently large.
Now consider the 2n-periodic function
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Fig. 2. Phase detector and the filter.

o(0) = '’

> 9
+ %Z((a,la,z +b,b})cos(10) + (a,b; — bja;)sin(10)).
I=1

It follows from (2) that this series uniformly converges,
while @(0) is continuous and bounded on R.

Consider the block diagram shown in Fig. 2. Here,
PD is a nonlinear phase detector with the output
@(0'(r) — 0%(f)) and G(7) is the output of the filter,
which, according to (3), is given by

G(1) = oy(n) + fr(1-0)e(6' () ~6%(1)).  (10)
0

Theorem 1. If conditions (5)—(8) hold, then, in the
same initial state of the filter, we have

IG(1) —g(H)| <C,8  Vite[0,T].
Proof. Let 7 € [0, 7]. Consider the difference
g(1)-G(1)

(11

= [re=9)lr 0" ()f*(07(s)) ~ 0(6'(5) - 07(s)))ds.
0 (12)

Let K € N be the smallest positive integer such that
K
[0, Tl = \J[S, (k + 1)8]. Let m € N be such that

k=0
t € [m3, (m + 1)3]. Without loss of generality, assume

that (m + 1)6 < T. Clearly, m = m(8) = 0(9 In what

follows, let £ < m. The continuity condition implies
that y(¢) is bounded on [0, T]. Moreover, f'(0), /3(9),
and @(0) are bounded on R. Then

(m+1)38
[ =970 )/ O (5)ds = 0(3),
’ (13)

(m+1)8
[ 1G=90(6'(5)~0°(s))ds = 0(3).

It follows that (12) can be represented as
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m (k+1)3
g0-6n =3 [ y(-s)
k=0 k3
< [£1(0'())f *(0°(s)) — 9(8'(5) — 07(s))1ds + O(8).

(14)
Conditions (6) imply that, on each of the intervals
kS, (k + 1)3], we have

Y(t=s) = y(1-kd) + 0(3),
s e [k8, (k+1)8],

which holds uniformly in ¢ and O(d) is independent
of k. Then, using (14), (15), and the boundedness of
f10), %(0), and ¢(0), we obtain

t>s,

15)

g(nN-6(n = ZY(f—k?S)
k=0
(k+1)8

x| F'O'6) S O7) - 9(0'() - 0())1ds +06).
ko

(16)
Define

h(s) = o (k&)s+vy", pe{l,2}. (17)

Since @(0) is continuous and bounded on R, it is true
that

(k+1)8
[ lo(6'()~0°(5)) ~ 0(B(s) - 05(s) s
ko
= 0(8). (18)

By assumption, /'(0) and f%(0) are bounded on R.
If £1(0) and f?(0) are additionally continuous on R,
then an estimate similar to (18) also holds for £1(0'(s))
and f2(0%(s)).

Let us derive an estimate similar to (18) in the case
when f1(0) and /2(0) have discontinuity points.

Since conditions (7) and (5) hold and a ®’(s) is a
continuous function, we can introduce a set W) (the
union of sufficiently small neighborhoods of the dis-

continuity points of /2(6(s)) and f2(6% (s)), p € {1, 2},
s € [kd, (k + 1)8]) such that
I ds = 0(8%).
Wy

Combining this with the fact that /?(0) is piecewise
continuous and bounded, we obtain

j 710" () (0°(s))ds

(&S, (k+ 1)8]

= j FH 0N (01(s))ds + O(5).

[k3, (k + 1)\ W,

(19)

(20)

Then (16) can be rewritten as

LEONOV et al.

g(N-G(t) =Y y(r-kd)

k=0

S R TR CHO R CHO RGO R RON S

[kS, (k + 1)1\ W,

+0(d) = ZV(t—kS)
k=0
x I Kcl + Za} sin(i0;(s)) + b}cos(ie,i(s))j
[k8, (k+ DS\W, i=1

x [ + iafsin(/eﬁs)) + b,-zcostiei(s))J

j=1

R CHO ei(s))}ds +0(8). Q1)

By the Jordan test for the uniform convergence of
Fourier series [14], on each of the intervals free of dis-
continuity points, the Fourier series of /1(0) and f2(0)
converge uniformly. Then there exists a number M =
M(3) > 0 such that the remainders of the series of /1 (0)
and f2(0) do not exceed § outside the neighborhoods
of the discontinuity points. A similar assertion holds for
¢@(0). Then the boundedness of /1(0) and f%(0) implies

g(N-G(t) =Y v(r-kd)

k=0
M M 1
1 2 C 2 . N2
x J. {c c+ ZZ{A—/[(@ sin(j0,(s))
(3, (k+ DSI\W, i=lj=1
2
+b; cos(j0,(s))) + %4(51} sin(i0,(s)) + b; cos(i,(s)))

+ (a; sin(i0,(s)) + b} cos(i0,(s)))

x (a;sin(jO(s)) + bfcoso'@i@)))}

—~ p(B,(s) - ei(s))}ds +0(8). 22)

Using the formulas for the product of sines and cosines
yields

(a;sin(i0") + b, cos(i8"))(a; sin(j6°) + b; cos(j67))

1l 102 01,2 Al 2
= i((a,-aj +b;b;)cos(i0 —j0°) 23)

+(alb}—bla)sin(i0' - j0%)) + %((b}bf —ald)
x cos(i0' +0°) + (a;b; + bia;)sin(i0' +,6%)).
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Define
 (5) = -;((a,' a’ + b6} cos(i8}(s) —j63(s))
+(a,b] - bja})sin(i6;(s) —j83(5)))
+ 3((6]5) — a]))c0s(i0(5) +78,(s)

+ (a,'bf + b:af)sin(iel(s) +j9;‘:(s))).
Then

(24)

8(N-G(1) = " y(t-kd)
k=0

MM
x j |:1."1|:'2 3 Z{;—J(ﬂfsm(fﬂi(s))

[kS, (k+ 1381\ W, i=1j=1

2
+ b cos(jO}(5))) + ;—f(a: sin(i8(s)) + b cos(i8;(s)))

+H A8) } - @(8,(s) - ei(sn]ds +0(3). (25)

It follows from (7) that
(k+1)8

I cos(Rs +y)ds = 0(5)). (26)

kG
Taking into account (26), (7), and (2), we obtain the
estimate

M M
YYa | dsinGes)+ b cos(oi(s)ds

I=1f=1 (K8, (k+1)8]

M
=0y o(}) = 0@, peiry. @)
yed ¥

Now we consider the term containing cos(i6 (s) +

JOL(5)) in (). According to (7), i©'(k8) + joX(k8) >
(i + j)R. Then it follows from (26) that

j cos(i(®'(k8)s + ') +j@ (k&)s + y)ds

[K8, (& + 1)8\W,
_ 2 1
= 0(6 )0[1_—“).

Conditions (2) imply

MM
1= 1= 1[k5, (k+ 1)8)\W;

x cos(i(®' (k8)s + ') + (0 (k8)s +v'))ds
M M
= 0(8 of - ))
SOWL O
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. . [ -] - <] l
Since the series
EEUU +J)
expression (29) is (6?). An equality similar to (29)
holds for the term sin(iB} (s) +6; (5)).

Thus, we find from (25) that

converges, we see that

&N -G(n) = ) y(1-kd)
k=0

MM a'd+b'p ] ,
* ] [ZZ{’_Lz_’lcm(fﬂx(s)—fex(sn
[k8, (k+ NE]\W, - =1j=1

1,2 gl 2
i ‘_’-‘_?j_;b_f"isin(iﬂi(ﬂ ~19§(S))}

—@(0:(5) - ei(sn]ds +0(3). (30)

Note that the terms with indices i = j in (30) sum to
®(8} (s) — 6 (5)) up to O(3).

Consider the terms with i <j containing cos (simi-
lar relations hold for terms involving sin with indices
i>j). In an analogous manner to (28), we have

M -1 2 1,2
ia; +b;b

) onn il

[cos(i(®'(kB)s+y')

i=1j=1 [ kB, (k + 1)E]\ W,
M i1 1
=5 % 2 2
— (X (k8)s +y))}ds = 0D 3 0 — ))
( ,zz E (v(: ol
(31)
The convergence of the series
o f=1 i
Y T &
1=1y= IU(',-J)
implies that (31) is O(5%).
Taking into account the last argument yields
g(1) - G(1) = 0(3), (33)

as required.

Let us give examples of computing the characteris-
tic of a phase detector (multiplier) with the use of for-
mula (9) for basic types of signals, namely, sinusoidal
and impulsive.

Corollary 1.

F(n) = A'sin(8'(1), £ (1) = A’sin(8°(1)),

A"

(34)
0(8'-07) = Tcos(ﬂ' -
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Fig. 3. Plot of ¢(0).

Corollary 2.

') = A'sgnsin(0' (1))

_ 44" « 1 . 1 1
= 7;)2’“_ ]sm((2n+ Do (Ht+y)),

S7(1) = A’sgnsin(07(1)) 5.
_ 4GS 1 2 2 35)
= 72 P 1sm((2n + (o (Nt+vy)),
n=0 6
0(8'-6%)
12 ®
=MAS L _cos(@an+1)(0'-0%). 7.
T T,(2n+1)
It is well known [14] that the resulting characteris- 8.

tic @(-) coincides with the function plotted in Fig. 3.

Corollary 3. ?
1 1. 1 10
[ () = Asin(0 (7)),
11.
(1) = A’sgnsin(0°(7)) 12.

2n+ 1 14.

200
=i‘i‘_z L_sin(@2n + (@ (D)1 + ),
n=0

2

0(6'-0") =

24'4
T

6 13

cos(0' —92). 15.
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Problems of rigorous mathematical analysis of PLL are discussed. An analytical method for phase detec-

tor characteristics computation is suggested and new classes of phase detector characteristics are computed.
Effective methods for nonlinear analysis of PLL are discussed.

1 INTRODUCTION

Phase-locked loop (PLL) systems were invented in
the 1930s-1940s (De Bellescize, 1932; Wendt & Fre-
dentall, 1943) and were widely used in radio and tele-
vision (demodulation and recovery, synchronization
and frequency synthesis). Nowadays PLL can be pro-
duced in the form of single integrated circuit and var-
ious modifications of PLL are used in a great amount
of modern electronic applications (radio, telecommu-
nications, computers, and others).

At present there are several types of PLL (classi-
cal PLL, ADPLL, DPLL, and others), intended for the
operation with different types of signals (sinusoidal,
impulse, and so on). In addition, it is also used differ-
ent realizations of PLL, which are distinct from each
other according to the principles of operation and re-
alization of main blocks.

For the sake of convenience of description, in
PLL the following main functional blocks are consid-
ered: phase detector (PD), low-pass filter (LPF), and
voltage-controlled oscillator (VCO). Note that such a
partition into functional blocks often turns out to be
conditional, since in many cases in particular physi-
cal realization it is impossible to point out the strict
boundaries between these blocks. However these
blocks can be found in each PLL.

The general PLL operation consists in the genera-
tion of an electrical signal (voltage), a phase of which
is automatically tuned to the phase of input (refer-
ence) signal, i.e. PLL eliminates misphasing (clock
skew) between two signals. For this purpose the refe-

272

rence signal and the tunable signal of voltage-
controlled oscillator are passed through a special non-
linear element — phase detector (PD). The phase
detector produces an error correction signal, corre-
sponding to phase difference of two input signals. For
the discrimination of error correction signal, a signal
at the output of phase detector is passed through low-
pass filter (LPF). The error correction signal, obtained
at the output of filter, is used for the frequency con-
trol of tunable oscillator, the output of which enters a
phase detector, providing thus negative feedback.

The most important performance measure of PLL
is the capture range (i.e. a maximal mistuning range
of VCO, in which a closed contour of PLL stabilizes
a frequency of VCO) and a locking speed (speed of
frequency adjustment).

Thus, when designing PLL systems, an important
task is to determine characteristics of system (involv-
ing parameters of main blocks) providing required
characteristics of operation of PLL.

To solve this problem, it is used real experiments
with concrete realization of PLL as well as the ana-
lytical and numerical methods of analysis of mathe-
matical models of PLL. These tools are used for the
obtaining of stability of required operating modes, the
estimates of attraction domain of such modes, and the
time estimates of transient processes.

Remark, however, that for the strict mathematical
analysis of PLL it should be taken into account the
fact that the above principles of operation of PLL re-
sult in the substantial requirements:

v’ construction of adequate nonlinear mathemat-
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ical models (since PLL contains nonlinear elements)
in signal space and phase-frequency space

and

v’ justification of the passage between these mod-
els (since PLL translates the problem from signal re-
sponse to phase response and back again).

Despite this, as noted by well-known PLL ex-
pert Danny Abramovitch in his keynote talk at Amer-
ican Control Conference ACC’'2002 (Abramovitch,
2002), the main tendency 1n a modern literature (see,
e.g.. (Egan, 2000; Best, 2003; Kroupa, 2003; Razavi,
2003)) on analysis of stability and design of PLL is
the use of simplified linearized models and the ap-
plhication of the methods of linear analysis, a rule of
thumb, and simulation.

However it is known that the application of lin-
earization methods and linear analysis for control
systems can lead to untrue results (e.g., Perron ef-
fects of Lyapunov exponent sign inversion (Leonov
& Kuznetsov . 2007). counterexamples to Aizerman'’s
conjuncture and Kalman’s conjuncture on absclute
stability., harmonic linearization and filter hypothe-
sis (Leonov et al., 2010%)) and requires special jus-
tifications. Also simple numerical analysis can not
reveal nontrivial regimes (e.g.. semi-stable or nested
limit cyeles, hidden oscillations and attractors (Gubar,
1961; Kuznetsov & Leonov, 2008; Leonov et al.,
20102: Leonov et. al., 20101; Leonov et. al., 2011)).

2 NONLINEAR MATHEMATICAL
MODELS OF PLL

Various methods for analysis of phase-locked loops
are well developed by engineers and considered in
many publications (see, e.g., (Viterb1, 1966; Gardner,
1966; Lindsey, 1972; Shakhgildyan & Lyakhovkin,
1972)). but the problems of construction of adequate
nonlinear models and nonlinear analysis of such mod-
els are still far from being resolved turn out to be dif-
ficult. and require to use special methods of quali-
tative theory of differential. difference, integral. and
integro-differential equations (Leonov et al., 1996;
Suarez & Quere. 2003; Margaris. 2004; Leonov.
2006; Kudrewicz & Wasowicz, 2007: Leonov et al.,
2009).

In the present paper some approaches to the non-
linear analysis of PLL are deseribed. Nonlinear math-
ematical models of high-frequency oscillations are
presented.

To construct an adequate nonlinear mathematical
model of PLL in phase space it is necessary to find the
characteristic of phase detector. The inputs of PD are
high-frequency signals of reference and tunable os-

COMPUTATION

cillators and the output contains a low-frequency er-
ror correction signal, corresponding to a phase differ-
ence of input signals. For the suppression of high-
frequency component of the output of PD (if such
component exists) the low-pass filters are applied.
The dependence of the signal at the output of PD
(in phase space) on phase difference of signals at the
input of PD is the characteristic of PD. This char-
acteristic depends on the realization of PD and the
types of signals at the input. Characteristics of the
phase detector for standard types of signal are well-
known to engineers (Viterbi, 1966; Shakhgildvan &
Lyakhovkin, 1972; Abramovitch, 2002).

Further, on the examples of classical PLL with
a phase detector in the form of multiplier. we con-
sider general principles of computing phase detector
characteristics for different types of signals based on
a rigorous mathematieal analysis of high-frequency
oscillations (Leonov & Seledzhi . 2005a; Leonov,
2008; Kuznetsov et al., 2008; Kuznetsov et al., 20001,
Kuznetsov et al., 20092; Leonov et al., 20]03),

2.1 Description of Classical PLL in the
Signal Space

Consider classical PLL at the level of electronic real-
ization (Fig. 1)

Filter

Figure 1: Block diagram of PLL at the level of electrome
realization.

Here OSCiaster 1s a master oscillator, OSCggye 15
a slave (tunable voltage-controlled) oseillator, which
generates oscillations f; (t) with highfrequencies
w; (l‘) .

Block &) is a multiplier of oscillations of fj(t) and
fo(t) and the signal f(¢)f2(¢) is its output. The re-
lation between the input §(¢) and the output oft) of
linear filter has the form

o) =)+ [1e-vE@d  ©
0

Here y(f) is an impulse transient function of filter,
dp(t) is an exponentially damped function, depend-
ing on the initial data of filter at momentt =0.
In the simplest ideal case, when
fi = sin(w1), fo = cos(@s)
frf2 = [sin(w1 + w2) +sin(w) —w2)]/2,
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standard engineering assumption is that the filter re-
moves the upper sideband with frequency from the
input but leaves the lower sideband without change.
Thus it is assumed that the filter output is

E Si.n(ll)l = 0.)2).

Here to avoid these non-rigorous arguments we
consider mathematical properties of high-frequency
oscillations.

2.2 Computation of Phase Detector
Characteristic

A high-frequency property of signals can be reformu-
lated as the following condition. Consider a large
fixed time interval [O.T], which can be partitioned
into small intervals of the form

[t,t+8], t<[0.T],
where the following relations

ly(2) —y(x)| < CB, |oo;(t) —w;(x)| <C8,

¥t € [t,t+ 6], Ve [0,T], @
|w1(T) — w2(T)| < C1, VT €[0,T], (3)
w;(f) >R, Yr e [0,T] 4)

are satisfied.

We shall assume that  is small enough relative to
the fixed numbers T,C,C1 and R is sufficiently large
relative to the number 8 : R~! = 0(82).

The latter means that on small intervals [v,T+ 8]
the functions y(f) and w;(t) are “almost constant”
and the functions f;(¢) on them are rapidly oscillat-
ing. Obviously, such a condition occurs for high-
frequency oscillations.

Consider now harmonic oscillations

fi(e) =Apsin(w;(t)e+y;), j=12, (&)
where Aj and ; are certain numbers, (.Dj{r] are dif-

ferentiable functions.
Consider two block diagrams shown in Fig. 2 and
Fig. 3.

[0 o g(t)

Filter

VAU
Figure 2: Multiplier and filter.
In Fig. 3 0;(t) = wj(t)r +; are phases of oscil-

lations fj(t), PD is a nonlinear block with the charac-
teristic @(B). The phases Bj(r) are the inputs of PD
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0:() W) G(1)
4@—" Filter |—»

T 0.1

Figure 3: Phase detector and filter.

block and the output is the function @(01(z) —02(r)).
A shape of phase detector characteristic is based on a
shape of input signals.

The signals £ (1) fo(r) and (81 (1) — B2(s)) are in-
puts of the same filters with the same impulse tran-
sient function y(t ). The filter outputs are the functions
g(t) and G(t), respectively.

A classical PLL synthesis for the sinusoidal sig-
nals is based on the following result (Viterbi, 1966):

If conditions (2)—(4) are satisfied and

1
@(0)= EAlAzcos'B,

then for the same initial data of filter, the following

relation
|G(r) —g(r)| <C2d, Ve € [0,T]

is satisfied. Here C2 is a certain number being inde-
pendent of d.
But what could be done for other types of signal?
Consider now signals in the following form of
Fourier series

-]

Alr) = Z“ﬁm(iel (£), falr) = Elbj sin(j02(t)),
i=

g ©)
where

1 1
ax :o(g). by = O(E), k=1,2,...

Let functions fi(t) and f»(r) are integrable and
bounded on each of the intervals of length 8.
Then the following assertion 1s vahd

Theorem 1. If conditions (2)—(4) are satisfied and

o aby

@(01 —62) :ZTCDS[I(Bl—BZ}), (7

then for the same initial states of filter the following
relation

|G(t) —g(#)| < C38, Vre[0.T] ®)
is valid.

Proof. Consider a decomposition of the interval [0, T
into the & length time intervals. Then using (2) we



HIGH-FREQUENCY ANALYSIS OF PHASE-LOCKED LOOP AND PHASE DETECTOR CHARACTERISTIC

obtain

(k+1)6

S~ B = T / [fl(ﬁl(s)]fz(ﬂz(s)]
kb

—p(0'(s) —8* [s})] ds+0(d).
€))

Because the frequencies are almost constant in the
&-intervals (3), we could introduce 6{ (s)

82(s) = o (kd)s+¢P, p {1,2}.  (10)

Lemma 1. Assuming conditions (2)—(4) the phases
67 (t) could be replaced with Bf(r)

(k+1)8

[ 0@ 6)-6%) =

kb

(k+1)8

[ 9(@k(s) - 6s)ds+0).
kb

(k+1)5

| £E6)LEE) =

kb

(k+1)8

| FE©)FE)ds+00).

kb

(11)

Then. usign Lemma 1. equation (9) can be rewrit-

[fl(ﬁi(s))fz(ﬁi(s))
(12)

%?(r—h‘ﬁ)
s [kﬁ-,(k+l)ﬁ}
—(6:(s) — 9%(33)}ds+0(5}

Lemma 2. For the neighborhoods W, ; of discontinu-
ity points, there is a number M, such that

£()— G(s) = iﬂr—ka)

M
( S, absin (o}))
o, (k+ )8\ Wek

=] Bl o] 1 2
( Z“j sin (Jﬁk(-‘})) —(Bx(s) — Bk(s))] ds+0(3).
P

COMPUTATION

Lemma 2 implies

£ — Gl = So*{‘ i)

[k, (k+1)3]\W,

M M
2 (ﬂ:‘ S"ﬂ(*'ﬁi(s))) (a§ sin(jeg(s))) B
==
—(6;(s) —B,%(s))] ds+0(3).
It’s obvious. that

sin (83 (s)) sin (62 (s)) =

% (cos (ie} (s)— jﬁi[s}) —cos (iﬁ}c (s)+ jﬁ_%(s)))

(14)
Lemma 3. Assuming conditions (2)4) the follow-

ing equations can be obtained

(k+1)6] -
/ —cos (p(Rs + l{.l_})ds = —( ) , (15)
%5 q Pq

Using (13).(4).(14) and Lemma 3. the theorem
statement can be obtained
£(1) — G(1) = 0() . a6)

| |

This result could be easily extended to the case
of full Fourier series and allows one to calculate the
phase detector characteristic in the following standard
cases of signals (Kuznetsov et al., 2010).

Example 1. Two sign signals
Fi(t) = Agsign sin(B(r)) =

== Li‘,égz’i"l sin((2n+ 1) (o (t)r +yz)), k=12
(81 —62) = %ﬂgﬂm«ms[ﬂl —8)
el
o Y i
i s . j .
ap A o b zq

Figure 4: Phase detector characteristic @(8) for two sign
signals.
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Thus, here phase detector characteristic ¢(0) corre-
sponds to 2m-periodic function

A1A2<17@)7 for 0€(—mal. (17)

Example 2. Sin signal and sign signal

f] (l) =A sin(91 (l‘))

@) =0242sign sin(8,(¢)) =

=4 3 ghrsin(@n+ D) +v2))
@(0) — 02) = 2% co5(0; — 6,)

Example 3. Triangle wave signals.
/ \ /\
n 21

Figure 5: Triangle-wave signal.

fi(t) = Ay io ﬁ sin ((2i = 1)) (18)

(0, —02) :Al:‘\z[g1 (21171)4c05 ((21—=1)(61—62))
(19

1

2 4 1 12 14

Figure 6: Phase detector characteristic ¢(0) for triangle sig-
nals.

2.3 PLL Equations in Phase-frequency
Space

From Theorem 1 it follows that block-scheme of PLL
in signal space (Fig. 1) can be asymptotically changed
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0,(1)

0OSC

Filter

master

Oscslave <

Figure 7: Phase-locked loop with phase detector.

(for high-frequency generators) to a block-scheme at
the level of frequency and phase relations (Fig. 7).

Here PD is a phase detector with corresponding
characteristics. Thus, here on basis of asymptotical
analysis of high-frequency pulse oscillations charac-
teristics of phase detector can be computed.

Characteristic ¢(0), computed in Examples 1 and
2, tends to zero if 8 = (6; — 62) tends to m/2, so
one can proceed to stability analysis (Leonov, 2006;
Leonov et al., 2009) of differential (or difference)
equations depend on misphasing 0.

Let us make a remark necessary for derivation of
differential equations of PLL.

Consider a quantity

0;(1) = w;(t) + 0;(r)t.

For the well-synthesized PLL such that it possesses
the property of global stability, we have exponential
damping of the quantity &;(¢):

;)] < Ce .

Here C and o are certain positive numbers indepen-
dent of 7. Therefore, the quantity @;(¢)z is, as a rule,
small enough with respect to the number R (see con-
ditions (3)- (4)). From the above we can conclude
that the following approximate relation 0;(¢) & w;(t)
is valid. In deriving the differential equations of this
PLL, we make use of a block diagram in Fig. 7 and
exact equality

0,(1) = w;(1). (20)
Note that, by assumption, the control law of tunable
oscillators is linear:

w2 () = w2(0) + LG(z). 21

Here w,(0) is initial frequency of tunable oscillator,
L is a certain number, and G(¢) is a control signal,
which is a filter output (Fig. 3). Thus, the equation of
PLL is as follows

0a(1) = 2(0)+ L 300)+ 101~ 0(01(0)~ () ).
0

Assuming that the master oscillator is such that
(1) = w1(0), we obtain the following relations for
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PLL

t
(64()-62(1)) 2 a0) (1~ )01 02(0)) )
=W (0) —(DQ(O).
(22)
This is an equation of standard PLL. Note, that if fil-
ter (1) is an integrating filter with the transfer function
(p+a)”!
6+ 00 =g(0)

then for ¢(0) = cos(0) in place of of equation (22)
from (20) and (21) we have pendulum-like equation
(Leonov & Smirnova, 1996; Leonov et al., 1996)

é+aé+Lsiné=a(m1(0)fwz(O)) (23)

with® =0, —0,+ % Thus, if here phases of the input
and output signals mutually shifted by 7t/2, then the
control signal G(r) equals zero.

Arguing as above, we can conclude that in PLL it
can be used the filters with transfer functions of more
general form K(p) = a+ W(p), where a is a certain
number, W (p) is a proper fractional rational function.
In this case in place of equation (22) we have

(91 (1) — 92(1‘))/ +L |:a(p(91 (1) — ez(l)) +oo(t)+

+({’y(t —T)p(01(t) — Bz(t))dr} = m1(0) — wy(0).

(24)

In the case when the transfer function of the filter

a+W(p) is non-degenerate, i.e. its numerator and de-

nominator do not have common roots, equation (24)

is equivalent to the following system of differential
equations

t=Az+by(0), &=c"z+py(o). (25)

Here 0 =0; —0,, A is a constant (n X n)-matrix, b and

¢ are constant (n)-vectors, p is a number, and Y (0) is
2m-periodic function, satisfying the relations:

p=—aL, W(p)=L'c*(A—pl)~'b,
1 (0) —(0)
0)=¢(0) — ——"——.
¥(©) = 9(0) ~ T o
The discrete phase-locked loops obey similar
equations
Z2(t+1) = Az(t) + by(o(r))
olt+1) = o(t) +¢2(t) + py(a(r)),
where ¢t € Z, Z is the set of integers. Equations
(25) and (26) describe the so-called standard PLLs
(Shakhgildyan & Lyakhovkin, 1972).
For analysis of the above mathematical models

of PLL is applied in the theory of phase synchro-
nization, which was developed in the second half of

(26)

COMPUTATION

the last century on the basis of three applied theo-
ries: the theory of synchronous and induction elec-
trical motors, the theory of auto-synchronization of
the unbalanced rotors, and the theory of phase-locked
loops. Modification of direct Lyapunov method with
the construction of periodic Lyapunov-like functions,
the method of positively invariant cone grids, and the
method of nonlocal reduction turned out to be most
effective (Leonov et al., 1996; Leonov, 2006; Leonov
et al., 2009). The last method, which combines the
elements of direct Lyapunov method and bifurcation
theory, allows one to extend the classical results of
F. Tricomi (Tricomi , 1933) and his progenies (Ku-
drewicz & Wasowicz, 2007) to the multidimensional
dynamical systems.

3 CONCLUSIONS

Considered above methods for high-frequency analy-
sis of PLL allow one to construct adequate nonlinear
dynamical model of PLL and to apply special meth-
ods of qualitative theory of differential, difference, in-
tegral, and integro-differential equations for PLL de-
sign.
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Abstract— An effective analytical methods for computation of
phase detector characteristics are suggested. For high-frequency
oscillators new classes of such characteristics are described.
Approaches to a rigorous nonlinear analysis of PLL are discussed.

I. INTRODUCTION

Various methods for analysis of phase-locked loops are
well developed by engineers and considered in many publi-
cations (see, e.g.. [1]-[4]). but the problems of construction
of adequate nonlinear models and nonlinear analysis of such
models are still far from being resolved and require using
special methods of qualitative theory of differential, difference,
integral, and integro-differential equations [5}-[10]. So for a
strict mathematical analysis of the model should be taken into
account the fact that the main principles of operation of PLL
result in the substantial requirements:

v construction of adequate nonlinear mathematical models
in signal space and in phase-frequency space (since main
purpose of PLL is to eliminate misphasing and PLL contains
nonlinear elements) and

v’ justification of the passage between these models (since
PLL translates the problem from signal response to phase
response and back again).

Despite this, as noted by D. Abramovitch in his keynote talk
at American Control Conference [11], the main tendency in a
modern literatures on analysis of stability and design of PLL
[12}-[15] is the use of simplified linearized models and the
application of the methods of linear analysis, a rule of thumb,
and simulation.

However it is known that the application of linearization
methods and linear analysis for control systems can lead to
untrue results (e.g., Perron effects of Lyapunov exponent sign
inversion [16], counterexamples to Aizerman’s conjuncture
and Kalman's conjuncture on absolute stability, harmonic
linearization and filter hypothesis [17]) and requires special
justifications. Also simple numerical analysis can not reveal
nontrivial regimes (e.g., semi-stable or nested limit cycles,
hidden oscillations and attractors [17]-{21]).

In the present work an approach to nonlinear analysis and
design of PLL is described and its application to classical PLL
is considered. This approach is based on the construction of

978-1-61284-943-0/11/$26.00 ©2011 IEEE

adequate nonlinear mathematical models and on applying the
methods of nonlinear analysis of high-frequency oscillations.

II. NONLINEAR ANALYSIS OF PLL

For the analysis of PLL it is necessary to consider the
models of PLL in signal space and phase space [1]. [2].
[4]). In this case for constructing of an adequate nonlinear
mathematical model of PLL in phase space it is necessary
to find the characteristic of phase detector (PD — a nonlinear
element, used in PLL for matching tunable signals). The inputs
of PD are high-frequency signals of reference and tunable
oscillators and the output contains a low-frequency error
correction signal, corresponding to a phase difference of input
signals. For the suppression of high-frequency component of
the output of PD (if such component exists) the low-pass filter
can be applied. The characteristic of PD is the dependence of
the signal at the output of PD (in the phase space) on the phase
difference of signals at the input of PD. This characteristic
depends on the realization of PD and the types of signals at
the input. Characteristics of the phase detector for standard
types of signal are well-known to engineers [1], [4], [11].

Further following [22], on the examples of classical PLL
with a phase detector in the form of multiplier, we consider
the general principles of computation of phase detector char-
acteristics for different types of signals based on a rigorous
mathematical analysis of high-frequency oscillations [23]-
[27].

I1I. DESCRIPTION OF THE CLASSICAL PLL IN THE SIGNAL
SPACE

Consider the classical PLL on the level of electronic real-
ization (Fig. 1)

Filter

Fig. 1. Block diagram of PLL on the level of electronic realization.



Here OSC,. is a master oscillator, OSCg,,. is a slave
(tunable voltage-controlled) oscillator, which generates os-
cillations f;(f) with high-frequencies w;(¢). Block ) is a
multiplier (used as PD) of oscillations of f1(¢) and f5(t) and
the signal f;(t)fo(t) is its output. The relation between the
input £(¢) and the output o(¢) of linear filter has the form

t

o(t) = ao(t) + /7(t —7)é(T)dr.

0

(1

Here ~(t) is an impulse transient function of filter, ag(%) is an
exponentially damped function, depending on the initial data
of filter at the moment ¢ = 0.

A. High-frequency property of signals
In the simplest ideal case, when two high-frequency sinu-
soidal signals

fi1 = sin(w1), fa = cos(ws),
fifa = [sin(w; + wo) + sin(w; —wa)]/2,

are considered, standard engineering assumption is that the
low-pass filter has to remove the upper sideband with fre-
quency from the input but leaves the lower sideband without
change. Thus it is assumed that the filter output is %sin{wl —
w3).

But how to prove this assumption in the general case of
signals?

Here to avoid the above non-rigorous arguments we consider
mathematical properties of high-frequency oscillations.

Suppose that f1(6), f2(§) — bounded 2r-periodic piece-
wise differentiable functions. Then, Fourier series, correspond-
ing to the functions f1(#) and f?(#), converge to the function
values at points of continuity and to half the sum of left and
right limits at the discontinuity points.

Further, since in Lf_w‘w] functions that differ in a finite
number of points are equivalent, we consider £1(6) and 72(6)
with the above values at the points of discontinuity, i.e.,

L) =c' + z (a} sin(if) + b cos(if)),
i=1

20 =2+ i (a? sin(if) + b7 cos(i6)),

i=1

(2

al = % /fp(:.c) sin(iz)dz, b = %ffp(m}cos(-iz)d:r,

cp:%ffp[m)dx, pe{l,2}, 1eN.

According to the properties of Fourier coefficients for
piecewise differentiable functions the following estimates
1 1

gfzo(;) ,ygzo(?) , pe{1,2}.

(3)

are valid.

A high-frequency property of signals can be reformulated
as the following condition. Consider a large fixed time interval
[0, T, which can be partitioned into small intervals of the form

[r.7 +4d], T €[0,T],
where the following relations

Iy(#) =7 £ O, |w;(t) —w;(r)] < C3,

Vte[rT+4], Vrel0,T], @
lwi(r) —wa(7)| < C1, V7 €[0,T], &)
w;(t) > R, Vte0,T] ©)

are satisfied.

We shall assume that d is small enough relative to the fixed
numbers T, C,C; and R is sufficiently large relative to the
number § : R=1 = O(42).

The latter means that on small intervals [r,7 + 4] the
functions ~y(¢) and w;(¢) are almost constant and the functions
fi(t) on them are rapidly oscillating. Obviously, such a
condition occurs for high-frequency oscillations.

IV. PHASE-DETECTOR CHARACTERISTIC COMPUTATION
Consider two block diagrams On Fig. 2 8; (t) = w; ()t +;

fi(t) s g(t)
Filter e
(1)
0,0 G
—P Filter —(2

0.(1)

Fig. 2. Muitiplier and filter. Phase detector and filter.
are phases of the oscillations f;(t), PD is a nonlinear block
with the characteristic ¢(#). The phases #;(t) are the inputs of
PD block and the output is the function (61 (£) — f#=2(t)). The
shape of the phase detector characteristic is based on the shape
of input signals. The signals fi(¢)fa(¢) and o(#1(t) — #2(t))
are inputs of the same filters with the same impulse transient
function ~(t). The filter outputs are the functions g(f) and
G(t), respectively.

Then, using the approaches outlined in [22] the following
result can be proved.



Theorem 1: If conditions (4)6) of high-frequency of sig-
nals are satisfied and

w(0) = '+

+ %Z({a}a% + b}b7) cos(16) + (a}bf — bia}) sin{Iﬂ]).
=1

(7
then for the same initial states of filter the following relation
|G(t) —g(t)| < C25, Vte[0.T] ®)

is valid.

The proof of lemmas is omitted here because of its cumber-
some. The correctness of this result is confirmed by obtaining
as a corollary to well-known formulas for the typical signals.

V. EXAMPLE OF PHASE DETECTOR CHARACTERISTICS
COMPUTATION

(6) = § cos(0)

f12(8) = sin(6)

T R T R R N ]

f12(9) = sign (sin(6)) w(f) = ;8-,; %_021
(inljz cos _(2n-— 1)6)

12(0) = 1+ (0) = 1+
%21 % sin (n6) # ﬂi::l % cos (n#)

e e SR S

978-1-61284-943-0/11/$26.00 ©2011 IEEE

VI. PLL EQUATIONS IN PHASE-FREQUENCY SPACE

From Theorem 1 it follows that block-scheme of PLL
in signal space (Fig. 1) can be asymptotically changed (for
high-frequency generators) to a block-scheme on the level of
frequency and phase relations (Fig. 3).

0.(1)
O0SCia Filter
041
4 0SC

slave | €——

Fig. 3. Phase-locked loop with phase detector

Here PD is a phase detector with corresponding character-
istics. Thus, here on basis of asymptotical analysis of high-
frequency pulse oscillations a characteristics of phase detector
can be computed.

Let us make a remark necessary for derivation of differential
equations of PLL.

Consider a quantity

8;(t) = w;(t) +w;(D)t.

For the well-synthesized PLL such that it possesses the prop-
erty of global stability, we have exponential damping of the
quantity w;(£):

|5 ()] < Ce™®.

Here C' and « are certain positive numbers being independent
of t. Therefore, the quantity w;(t)t is, as a rule, sufficiently
small with respect to the number R (see conditions (4)-
(6)). From the above we can conclude that the following
approximate relation 93- (t) ~ w;(t) is valid. In deriving the
differential equations of this PLL, we make use of a block
diagram in Fig. 3 and exact equality

6;(t) = w; (8). ©)

Note that, by assumption, the control law of tunable oscillators
is linear:

wa(t) = wa(0) + LG(¢). (10)

Here w5 (0) is the initial frequency of tunable oscillator, L is a
certain number, and G(¢) is a control signal, which is a filter
output (Fig. 2). Thus, the equation of PLL is as follows

Ba(t) = ws(0) +L(ﬂo(f}+ /'r(t—'r)ao(ﬁl(’f} —%(T))d’r)-
0

Assuming that the master oscillator is such that wq (£) = wq(0),
we obtain the following relations for PLL

(B1(t)—02(t) )' -I—L(cm(t} +£‘y{t —7)p(01(7) —92(1’})(17)

= wy(0) —wy(0). s



This is an equation of standard PLL.

Characteristic ¢(6), computed in examples 1 and 2, tends
to zero if 6 = (61 — 02) tends to 7/2, so one can proceed to
stability analysis [8], [10], [28] of differential (or difference)
equations depend on the misphasing 6.

Note, that if the filter (1) is integrated with the transfer
function (p+a)~!

6+ ac = p(0)

then for ¢(6) = cos(#) instead of equation (11) from (9) and
(10) we have the following pendulum-like equation [5], [29]
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with 8 = 07 — 0 + 5. So, if here phases of the input and
output signals mutually shifted by 7/2 then the control signal
G(t) equals zero.

In the case when the transfer function of the filter W (p) is
non-degenerate (its numerator and denominator do not have
common roots) equation (11) is equivalent to the following
system of differential equations

2= Az + by(o),

6+ al+ Lsind = a(w1(0) — w2(0))

o=cz. (13)
Here 0 = 6; — 05, A is a constant (n X m)-matrix, b and
c are constant (n)-vectors, and ¢ (o) is 2w-periodic function,

satisfying the relations:
p=—al, W(p)=L""c"(A=-pl)~'b,

_ w1(0) — w2(0)
Y(o) = p(o) - W

The discrete phase-locked loops obey similar equations
z(t+1) = Az(t) + by(o(t))

o(t+1)=0o(t) +c"2(t), 1

where t € Z, Z is a set of integers. Equations (13) and (14)
describe the so-called standard PLLs [4].

For analysis of the above mathematical models PLL is
applied in the theory of phase synchronization, which was
developed in the second half of the last century on the
basis of three applied theories: theory of synchronous and
induction electrical motors, theory of auto-synchronization of
the unbalanced rotors, theory of phase-locked loops. Modifi-
cation of direct Lyapunov method with the construction of
periodic Lyapunov-like functions, the method of positively
invariant cone grids, and the method of nonlocal reduction
turned out to be most effective [5], [8], [10]. The last method,
which combines the elements of direct Lyapunov method and
bifurcation theory, allows one to extend the classical results
of F. Tricomi [30] and his progenies to the multidimensional
dynamical systems [5], [9].
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1. INTRODUCTION

Phase-locked loop (PLL) systems were invented in the
1930s-1940s [De Bellescize (1932); Wendt & Fredentall
(1943)] and were widely used in radio and television (de-
modulation and recovery, synchronization and frequency
synthesis). Nowadays PLL can be produced in the form
of single integrated circuit and various modifications of
PLL are used in a great amount of modern electronic
applications (radio, telecommunications, computers and
others).

At present there are several types of PLL (classical PLL,
ADPLL, DPLL, and others), intended for the operation
with different types of signals (sinusoidal, impulse and so
on). In addition it is also used different realizations of
PLL, which are distinct from each other according to the
principles of operation and realization of main blocks.

For the sake of convenience of description, the following
main functional blocks are considered in PLL: Phase detec-
tor (PD), Low-Pass Filter (LPF), and Voltage-Controlled
Oscillator (VCO). Note that such a partition into func-
tional blocks often turns out conditional, since in many
cases in particular physical realization it is impossible
to point out the strict boundaries between these blocks.
However these blocks can be found in each PLL.

The general PLL operation consists in the generation of
an electrical signal (voltage), a phase of which is auto-
matically tuned to the phase of input “reference” signal,
i.e. PLL eliminates misphasing (clock skew) between two
signals. For this purpose the reference signal of reference
oscillator and the tunable signal of voltage-controlled os-
cillator enter a phase detector. The phase detector is a
nonlinear element permitting one to obtain an error cor-
rection signal, corresponding to phase difference of two
input signals. For the discrimination of error correction

* The work was done in the framework of the Federal program
“Scientific and Scientific-Pedagogical Cadres of Innovative Russia”
for the 2009-2013 years.
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element, a signal at the output of phase detector is passed
through low-pass filter (LPF). The error correction signal,
obtained at the output of filter, is used for the frequency
control of tunable oscillator, the output of which enters a
phase detector, providing thus negative feedback.

The most important performance measure (characteris-
tics) of PLL is the capture range i.e. a maximal mistuning
range of VCO, in which a closed contour of PLL stabilizes a
frequency of VCO, and a speed of locking under frequency
jumping.

Thus, when designing PLL systems, an important task is
to determine characteristics of system (involving parame-
ters of main blocks) providing required characteristics of
operation of PLL.

To solve this problem, it is used real experiments with
concrete realization of PLL as well as the analytical and
numerical methods of analysis of mathematical models of
PLL. These tools are used for the obtaining of stability
of required operating modes, the estimates of domain
of attraction of such modes, and the time estimates of
transient processes.

Remark, however, that for the strict mathematical analysis
of PLL it should be taken into account the fact that
the above principles of operation of PLL result in the
substantial requirement:
construction of adequate monlinear mathematical
models in signal space and in phase-frequency space
(since PLL contains nonlinear elements) and justifi-
cation of the passage between these models (since PLL
translates the problem from signal response to phase
response and back again)

Despite this, as noted by Danny Abramovitch in his
keynote talk [Abramovitch (2002)], the main tendency in
a modern literature on analysis of stability and design of
PLL is the use of simplified “linearized” models and the ap-
plication of the methods of linear analysis, a rule of thumb,
and simulation [Egan (2000); Best (2003); Kroupa (2003);
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Razavi (2003)]. However it is well- known that the applica-
tion of linearization methods and linear analysis for control
systems can come to untrue results (e.g., Perron effects of
Lyapunov exponent sign inversion [Leonov & Kuznetsov
(2007)], Aizerman’s conjuncture and Kalman’s conjunc-
ture in absoclute stability problem, harmonic linearization
and filter hypothesis [Leonov et al. (2010)]) and requires
special justifications.

2. MATHEMATICAL METHODS OF NONLINEAR
ANALYSIS AND DESIGN OF PLL

Various methods for analysis of phase-locked loops are
well developed by engineers and considered in many
publications (see, e.g., Viterbi (1966); Gardner (1966);
Lindsey (1972); Shakhgildyan & Lyakhovkin (1972)), but
the problems of construction of adequate nonlinear models
and nonlinear analysis of such models are still far from be-
ing resolved and require using special methods of qualita-
tive theory of differential, difference, integral, and integro-
differential equations [Gelig et al. (1978); Leonov et al.
(1992, 1996); Suarez & Quere (2003); Margaris (2004);
Leonov (2006); Kudrewicz & Wasowicz (2007); Kuznetsov
(2008); Leonov et al. (2009)].

In the present work, on the examples of classical PLL, it is
described the approaches to nonlinear analysis and design
of PLL, which are based on the construction of adequate
nonlinear mathematical models and applying the methods
of nonlinear analysis of high-frequency oscillations.

For the analysis of PLL it is usually considered the models
of PLL in signal space and phase space [Viterbi (1966);
Gardner (1966); Shakhgildyan & Lyakhovkin (1972))]. In
this case for constructing of an adequate nonlinear math-
ematical model of PLL in phase space it is necessary to
find the characteristic of phase detector (i.e. a nonlin-
ear element, used in PLL for matching tunable signals).
The inputs of PD are high-frequency signals of refer-
ence and tunable oscillators and the output contains a
low-frequency error correction signal, corresponding to a
phase difference of input signals. For the suppression of
high-frequency component of the output of PD (if such
component exists) the low-pass filters are applied. The
characteristic of PD is the dependence of the signal at the
output of PD (in the phase space) on the phase difference
of signals at the input of PD. This characteristic depends
on the realization of PD and the types of signals at the
input. Characteristics of the phase detector for standard

types of signal are well known to engineers [Viterbi (1966);
Shakhgildyan & Lyakhovkin (1972); Abramoviteh (2002)].

Further following [Leonov (2008)], on the examples of clas-
sical PLL with a phase detector in the form of multiplier,
we consider the general principles of calculating of phase
detector characteristics for different types of signals based
on a rigorous mathematical analysis of high-frequency os-
cillations [Leonov & Seledzhi (2005a,b); Kuznetsov et al.
(2008, 2009a,b); Kudryashova et al. (2010); Kuznetsov et al.
(2010); Leonov et al. (2010)].

2.1 Description of the classical PLL in the signal space

Consider the classical PLL on the level of electronic
realization (Fig. 1)

Fig. 1. Block diagram of PLL on the level of electronic
realization.

Here OSCaster is a master oscillator, OSCaave is a slave

(tunable voltage-controlled) oscillator, which generates

oscillations f;(£) with high-frequencies w;(£).

Block (9 is a multiplier of oscillations of fi(¢) and fa(t)

and the signal fi(t)f2(t) is its output. The relation be-

tween the input £(f) and the output o(f) of linear filter

has the form
i

a(t) = aolt) + f'y(t —7)é(T) dr.
0
Here ~(t) is an impulse transient function of filter, ap(t)
is an exponentially damped function, depending on the
initial data of filter at the moment ¢ = 0.

(1)

In the simplest “ideal” case, when

fi =sin(w1), f2 = cos(wz)

fifa = [sin(w; +wi) + sin(w; —wi]/2,
standard engineering assumption is that the filter removes
the upper sideband with frequency wi(t) + we(t) from
the input but leaves the lower sideband wi(t) — wa(t)
without change. Here to avoid this “trick” we consider
mathematical properties of high-frequency oscillations.

A high-frequency property of signals can be reformulated
as the following condition. Consider a large fixed time
interval [0, T, which can be partitioned into small intervals
of the form
[r,7+4], 7 € [0,T],
where the following relations
[7(E) = ()| £ €9, |w;(t) — w;(7)| < C4,

Viefr,r+6], Vre 0T, (2)
|wi(T) —ws(T)| < Cy, Y7 €[0,T], (3)
wi(t) > R, Vi€ [0,T] (4)

are satisfied.

We shall assume that 4 is small enough relative to the fixed
numbers T, C, Ci and R is sufficiently large relative to the
mumber § : R~ = O(4?).

The latter means that on small intervals [7,7 + §] the
functions +(t) and w;(t) are “almost constant” and the
functions f;(f) on them are rapidly oscillating. Obviously,
such a condition occurs for high-frequency oscillations.

2.2 Calculation of phase detector characteristic for sinusoidal

signals

Consider now harmonie oscillations

f;(8) = A;sin(w; ()t +¢5), 7=1.2, (5)
where A; and 1); are certain numbers, w;(t) are differen-
tiable functions.

Consider two block diagrams shown in Fig. 2 and Fig. 3.
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Fig. 3. Phase detector and filter.

On Fig. 3 0;(f) = w;(t)t+1; are phases of the oscillations
fi(t), PD is a nonlinear block with the characteristic
@(f) (being called a phase detector or discriminator). The
phases 6;(t) are the inputs of PD block and the output
is the function (f;(t) — 02(t)). The shape of the phase
detector characteristic is based on the shape of input
signals.

The signals fi(t)f2(t) and @(f1(t) — A2(t)) are inputs of
the same filters with the same impulse transient function

4(t). The filter outputs are the functions g(t) and G(t),
respectively.

A classical PLL synthesis for the sinusoidal signals is based
on the following result:

Theorem 1. (Viterbi, 1966) If conditions (2)—(4) are satis-
fied and we have

G
Filter |—

1
‘,9(6) = EA]Az cos 9,
then for the same initial data of filter, the following relation
|G(t) —g(t)| < Cad, Yt e [0,T]

is satisfied. Here C3 is a certain number being independent
of 4.

2.3 Mized signal

Consider one sinusoidal signal and one impulse signal

Fi(t) = Ag sin(wy ()t + 1) (6)

fa(t) = A signsin(wa ()t + 1) (7)

Theorem 2. If conditions (2)-(4) are satisfied and we have
24;A

(01— 62) = === cos(6s — 2) ®)

then for the same initial data of filter, the following relation

|G(t) —g(t)] < Cad, Vte[0,T] (9)

is satisfied. Here CY is a certain number being independent
of 4.

2.4 Impulse signals

Consider impulse signals
o s ) (10)

Theorem 3. If conditions (2)-(4) are satisfied and we have

o(f) = A1 A, (1—@), 0 e [~ ], (11)

then for the same initial data of filter, the following relation
|G(t) — g(t)] < Cyd. ¥t €[0.T]

is satisfied. Here Cj is a certain number being independent
of 4.

Proof.

Consider a differentiable 27-periodic function g(z), having
two and only two extremums on [0,27] : g7 < gT, and the
following properties.

*) there exist two and only two

For any number o € (g7 . g
roots of the equation g(z)

= —q
0 < Bi(a) < Ba(a) < 2.

Consider the function
Fla)=1-

if g(z) < —a on (B1(a), f2(a)) and the function

[l ﬁi(a))

Ba(a) — Bi(e)
T

(12)

F(a)=—

if g(z) > —a on (B (a). B2(a)).

Suppose, a < b, w is sufficiently large relative to the
numbers a, b, o, 7.

Then from (12) we have
b

fsign[ct + g(wt)]dt = F(a)(b—a) + O(é)

a

T

(13)

It is readily seen that
t

gl(t) — ao(t) = f‘y(t — 8)Aj A sign[cos( (w1 (s)—
i
—wa(s))s + 1y — o) — cos((wi(s) +wals))s+
+thy + 1n)]ds =
(k+1)5

m
=A142 ) y(t — kd) f sign[cos((w (k8) —
&= ks

—wo(kd))kd + Y1 — thy) — cos((w1 (kd) + wa(kd))s+

+1+da)lds +O(?) |, te 0.7
Here the number m is such that

te [mé, (m—|— 1)5].

By (13) this implies the estimate

a(t) = ao(t) + A1As [ D 7(t — ko) (6y (kd)—
—0

— Go(k5))6 ) +O(5) = C(t) + O(5).
This relation proves the assertion of Theorem 3.

Theorems 1 and 2 can be proved in a similar way.
2.5 Description of PLL in phase-frequency space

From Theorem 1, 2, and 3 it follows that block-scheme of
PLL in signal space (Fig. 1) can be asymptotically changed
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Fig. 4. Phase-locked loop with phase detector

(for high-frequency generators) to a block-scheme on the
level of frequency and phase relations (Fig. 4)

Here PD is a phase detector with corresponding charac-
teristics. Thus, here on basis of asymptotical analysis of
high-frequency pulse oscillations a characteristics of phase
detector can be computed.

Characteristic ¢(6), computed here, tends to zero if § =
(01 — 02) tend to 7/2, so one can proceed to stability
analysis [Leonov (2006); Kuznetsov (2008); Leonov et al.
(2009)] of differential (or difference) equations depend on
the misphasing 6.

Finally it may be remarked that for modern processors
a transient process time in PLL is less than 10 sec.
and a frequency of clock oscillators attains 10Ghz. Given
§ = 10~ (i.e. partitioning each second into thousand time
intervals), we obtain an expedient condition

w =101 = 107%(5?) = O(6?).

for the proposed here asymptotical computation of phase
detectors characteristics.
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Nonlinear Analysis and Synthesis of Phase-Locked Loops

In modern science and tcchnology. devices that automatica[ly :ldjust the Frcqucncy of quasiperi-
odic processes to achieve certain phase relationships between them are very important. Examples
of such devices are electric generators and motors, artificial cardiac pacemakers, and computer
architectures. One of the technical solutions used in the context of these problems is to utilise
a phase-locked loop (PLL). In the present study, several conditions that enable high-frequency
signals have been formulated. Also methods of asymptotic analysis for the signals with discon-
tinuous waveforms have been developed. The main result of the study is the development of
formulas for the characteristics of the phase detector (PD) for a PLL and for a PLL system with
a squarcr that allows onc to derive differential equations for the circuits of that kind.

Vol. 2
Marat V. Yuldashev
Nonlinear Mathematical Models of Costas Loops

Thiswork is devoted to the development of nonlinear mathemarical models of Costas loops. In this
work, nonlinear mathematical models of the classic Costas loop and he Quadrature Phase Shift
Keying (QPSK) Costas loop have been developed. All theoretical results have been rigorously
proved. An cffective numerical procedure for the simulation of Costas loops based on the phase-
detector characteristics is proposed. The results of the study have been published in 22 papers
(8 of which are indexed in Scopus).

Vol. 3
Maria A. Kiseleva
Oscillations and Stability of Drilling Systems:
Analytical and Numerical Methods

In this work two mathematical models of-dri“ing systems actuated by an induction motor have
been developed. For the first model of a drilling system with absolutely rigid drill string, a limit
load problem has been solved. An appropriate load characteristic represented as a non-symmetri-
cal dry friction is introduced. It is shown thar, under certain conditions, the limiting value of the
permissible rapidly alternating load can be defined as the maximum constant load under which
the system has stable state. The second model is a double-mass mathematical model of a drilling
system actuated by an induction motor. This model has been analysed in the Matlab package.
Through this analysis, hidden oscillations have been found.
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