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Summary

This supplement provides full derivations of the results from the main text. The results are, as in
the main text, presented for an epidemic occurring in continuous time, although some additional
results on discrete epidemics are given in the final note of this supplement. The supplement is

structured as follows.

e The first note, “Modelling”, provides a precise definition of the branching process model used



throughout the paper.

e The second note, “Probability generating functions” derives probability generating functions
(pgfs) for prevalence and cumulative incidence. It also discusses their efficient solution,

including some special cases in which one can speed up the solution process

e The third note, “Properties of the prevalence variance”, derives the equation for the variance
(via the previously derived equations for the pgf) and explores its properties, providing
explanations for the various terms and proving that the prevalence of new infections is (under

a mild condition on the possible spread of the epidemic) overdispersed.

e The fourth note, “Likelihood functions” contains the derivations of the pgf of the infection

event times and the likelihood function presented in the main text.

e The fifth note, “Assessing future variance during an epidemic” derives the equation for vari-

ance of future cases when the cumulative incidence is known at some point in time.

e Finally, the sixth note, “Discrete epidemics” provides a range of similar results in the discrete
setting, and shows the convergence of the pgf to its continuous equivalent as the step-size

tends to zero.

Supplementary Note: 1 Background literature on renewal

equations

A common approach to modelling infectious diseases is to use the renewal equation. The early
theory on the properties of the renewal equation can be found here [8]. Epidemiologically derived
descriptions can be found here [5 [9] where the renewal equation is framed in an epidemiological
framework with reference to infection processes. The link between the renewal equation and the
popular susceptible-infected-recovered models can be found here [4]. The basics of branching
processes can be found here [10]. In what follows, we will arrive at a renewal equation from first

principles by first starting with the probability generating function of a general branching process.



Supplementary Note: 2 Modelling

2.1 Branching process framework

We present a general time-varying age-dependent branching process that is most similar to the
general branching process initially proposed by Crump, Mode and Jagers |6}, [7]. Following [14], in
our process, we begin with a single individual infected at some time [ whose infectious period is
a random variable distributed by cumulative distribution function G(-,1), admitting a probability
density g(-,1). During this individual’s life length, the individual gives rise to an integer-valued
random number of secondary infections according to a counting processes {N(¢,1)}i>i ({N(¢,1)} is
the number of secondary infections) where ¢ is a global “calendar” time. The amount of time for

which the individual has been infected before time ¢ is therefore ¢ — (.

For each infection event time - that is, for each v such that

UNS {u <t: lim (N(s,1)) # lim (N(s,l))} (S.1)
S—U_— S*)’LLF
we then define a random variable
V(0,0 i= Jim (N(s,)) = Tim (N(s,1) (5:2)

to be the size of the infection event at time v; that is, this is the number of individuals that are
infected (by the initial individual) at time v. Throughout this paper, it will be assumed that
Y = Y (v), so that ¥ does not depend on the length of time for which an individual has been

infected. However, this assumption could be removed from the model if desired.

Each newly infected individual then proceeds, independently, in the same way as the initial in-
dividual. The only change is that the time at which they are infected will be different (but, for
example, the infection tree rooted at an individual infected at time s > [ is equal in distribution to
the full infection tree if one started an epidemic with I = s). This self-similarity property underpins
the derivations in the subsequent notes, as it allows an epidemic to be characterised purely by the
“first generation” of infected individuals (and hence, the equations are derived using the “first

generation principle”).



2.2 The counting process, N(t,1)

Our framework relies on the assumption that the counting processes N (¢,1) has independent in-
crements and is continuous in probability:

lim |P(N(t+6,0)— N(@#1))| =0 ¥>1>0 (S.3)
= )

§—0

This condition excludes any discrete formulations of the epidemic process. It will be shown later in
the supplement that discrete epidemics (which are not continuous in probability), are structurally
different as extra terms appear in the equations for the pgf. However, the equations in the contin-

uous case are recovered as the step-size of the discrete process tends to zero.

A further assumption on N(t,1) is that it can be constructed from a Lévy Process - that is,

there is some non-negative rate function r(¢,1) and some Lévy Process N () such that

N(t, 1) N(/ltr(s,l)ds> (S.4)

Note that the counting processes relating to different individuals are independent, and hence will
come from different independent copies of the base process N.

This assumption is important because it means that the counting process of “infection events*
(that is, points in time such that the value of N(t,1) changes) is an inhomogeneous Poisson Pro-
cess, which can be shown as follows. Consider a counting process, Jys(t, 1) that counts the increases

in A/. That is,

Iy (t) == Hu <t: lim (N(s)) # lim (./\/'(8))}‘ (S.5)
s—u_ S—u4
where here | - | denotes the number of elements in a set. Then, as N is a Lévy Process, Jy(t)

has iid (independent and identically distributed) increments and is non-decreasing in ¢ with jumps
of size 1 and thus follows a Poisson Process with some rate s [1]. Thus, if J(¢,1) is the counting

process of infection events in N (t,1), then

T(t1) = JN< /l s, l)ds) (S.6)



and hence, J(t,1) is an inhomogeneous Poisson Process with rate xr(t,!) as required. In particular,

defining
t
At 1) ::/ r(s,1)ds, (S.7)
!

J(t,1) has a generating function of

Taay(s) = XD (S.8)

2.3 The rate function, r(t,1)

Throughout the examples in this paper, the rate function r(¢,{) will be given as

r(t.0) = p(t)(t — 1) (3.9)

Here, p(t) is a population-level infection event rate. Note that, because the number of infections
caused at each infection rate may be greater than 1 (that is one may have J(t,1) < N(¢t,1)), p(t)
cannot necessarily be interpreted in direct analogue to the reproduction number. v(¢t —1) gives the
infectiousness of an individual after it has been infected for time (¢ — ). It will be assumed that

Jo° v(s)ds = 1 so that it p can be interpreted as the infection event rate.

2.4 Smoothness assumptions

Note that, throughout the derivations of this paper, the smoothness of p, v and g will not be
explicitly considered when taking limits - it will be assumed that they are sufficiently smooth for
“natural” results to hold. The authors believe that the results of this paper will hold for any
piecewise continuous choices for these functions, although more detailed analysis would be needed
to provide a rigorous proof of this. It is possible that they hold for much wider classes of functions,
but this seems to the authors to be outside the realm of epidemiological interest, as it appears

implausible that any of these functions would not be piecewise continuous in a realistic setting.

Moreover, it will be assumed that unique solutions to the equations for the pgf, mean and variance

exist. Again, a proof of this property is beyond the scope of this work, although the classes of



equations presented in this paper are common across the literature, and it is likely that interested

readers with a pure mathematical background could find applicable results to address this issue.

2.5 Special cases for N(t,1)

Throughout this paper, two special cases for N(t,1) are considered - the case where N (t,1) is itself
an inhomogeneous Poisson Process, and the case where N(¢,1) is a Negative Binomial process.
These were used to construct the figures in the paper and explanations as to how they can be used

will be presented throughout this supplement.

Supplementary Note: 3 Probability generating functions

3.1 General case
Define F'(t,l;s) := E(SZ(t’l)) to be the generating function of Z(t,1). For simplicity of notation
the dependence of F' on s will be suppressed.

To derive the generating function F'(¢,l), we condition on the infection period (lifetime) of the

initial case, L.

E(sz(t’l)) = / E(sz(t’” L= u)g(u, l)du (S.10)
0

oo t—I
= / E(sz(t’l) L= u>g(u, Ddu + / E<sz(t"l)
t—1 0

The counting process of the first individual, N(¢,!) is independent of this first individual’s infection

L= u> g(u,l)du (S.11)

period L. If L > t — [ then this individual is still infectious and able to infect others at time t.
Therefore, conditional on L > ¢ — [, the number of people they have infected before time ¢ is
independent of L (as all infections from N (s,1);<s<; are counted, irrespectively of the value of L).

That is (the first term in Equation 11)

/ E(sz(t,l) Lzu)g(u,l)du:/ E<SZ(t,l)
t—! t—1

L>t— l) g(u,l)du (S.12)



and hence, the first integral in Supplementary Equation can be simplified to give

t—1
E( 2, ”) (1 —G(t— l,l)>E(sZ(t’l) L>t-— z) +/ E(sz(t’l)
0

Let us consider the second part of Supplementary Equation Suppose first that L = u for

L= u)g(u, Ddu (S.13)

some u < t — [ so that the index case is no longer alive at time ¢. Thus, the number of infection

events caused by the index case is given by J(I + u, ).

Define the set of times at which these infected events occurred to be {Ki, ..., K j4u,1)} Where
here, importantly, the K; are labelled in a random order (so it is not necessarily the case that
Ky < ... < Kjg4uy). As J is an homogeneous Poisson Process and N(t,) is continuous in
probability, the K; are therefore iid with pdf (probability density function)

r(l 4 k1)

fr(k) = m

(S.14)

It is perhaps helpful to note that this is the step which relies on N being continuous in probability.
If this were not the case and N(¢,1) had non-zero probability of increasing at some time s, then
the knowledge that K7 = s would give some information about K5, as the fact that Ks # s would
change its probability distribution, meaning K; and K5 would not be independent. Conversely, in
the continuous case, K1 = s removes an event of zero measure from the probability space of Ks,

and hence K and K> are still independent.

Now, by the self-similarity property (|10} [11]) we have

J(14u,l) Y (I4+K; (14u,l))

Z Z Zij(t, 1+ Ki(l +u,1)) (S.15)

where each Z;; is an independent copy of Z that is equal in distribution. Z;; denotes the jth
individual corresponding to infection event time ¢. The two summations, from all previous infec-
tions, sum over all the infection events and their sizes. This summation is valid as each individual

behaves independently once it has been infected.

Recall that if X; are iid random variables (with a generating function, Gx(s)) and if ¥ is a

non-negative integer-valued random variable (again with a generating function, Gy (s)), then,

E<szf1 ) Gy (Gx(s)) (5.16)



By defining J(;;) to be the generating function of J(t,1), this relationship allows us to write
E(s?D|L = u) as

Y (14K (I4u,l)) w

E(s?®|L = w) = Jypun (E [3271 Z5 (41 K (1 leD (S.17)

where here, K is equal in distribution to the K;. Conditioning on the value of K,
E SZL”#“ Zi(tI+K) | _ /u E SZ;/:(LlJrk) Zj(t,l+k) Mdk (S.18)

0 Al +u,l)
Thus, defining V(1) to be the generating function of Y'(I + k)
Y(+K) 5 v r(l+ k,1)
B sS780 z )| / F(t,1 4+ k)2t gy 5.19
= R (519)
We can equivalently write this as an exponential, using the fact that J(¢,1) is Poisson distributed:
“ I+ k)

E(sZ D)L = ) = Juy / Pl + k) SEERD g $.20
("ML = u) = Tatu ; Vi) (F (L, 1+ )))\(l T l) (5.20)

— exp {m(z +u,l) ( /0 Vi (F(t, 1+ k))mdk _ 1)} (S.21)

An identical derivation can be performed on the first integral in Supplementary Equation
(swapping ¢t — [ for u and multiplying by s to account for the initial case, which is counted in the

prevalence at ¢t when L >t — [), resulting in

¢ I+ k1
E(s?UO|L>t—1) = sj(t,l)< i Vry (F(t, 1+ k))de) (S.22)

— sexp {/@)\(t, ) ( /O e (1 + k))’de _ 1)] (S.23)

and therefore, this yields an overall pgf

Flt1) = s (1 _G-1, 1)> T (/O” Vs (F(t 1+ u))Wdu)
t—1

-t T4, (/ Vagry (F(t, 1 +k))
0

0

r(l + k1)

)\(H'U:l)dk> g(u,l)du (S.24)

or, equivalently

t—1 r
F(t,1) = s<1 —G(t—1, 1)) exp [m(t, 1)( [ V(e k))de - 1)]
r(l+ k1)
M+ u,0)

Note that by absorbing  into the rate function r(I+k,1), it can be assumed that x = 1. Intuitively

o /O e {m(z +u, 1)< /O View (FL1+F)) ks — 1)} g(u,Ddu  (S.25)

this is simply scaling the probability density by the number of points.
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3.2 Solving the pgf equation

Practically, one will always set [ = 0 for an epidemic, and so only the values F(t,0) are directly
relevant. However, it is still necessary to solve for F'(¢,1) for 0 <[ < ¢t. In the language of PDEs
(partial differential equations) and, specifically, the Cauchy problem, this can be explained by the
fact that the “data curve” is the line ¢ = I (as the values of F(¢,t) are known to be equal to s)
and the “characteristics” of the system are the lines t = constant. Thus, to calculate the value of
F(t,0), it is necessary to follow the characteristic from (¢,¢) to (¢,0) and hence calculate F'(¢,[) for

0<lI<t.

Hence, following [14], solving Supplementary Equation can be greatly facilitated by defining
an auxiliary equation F.(t) = F(c,c —t) and allows us to write Supplementary Equation an

equation in one variable. This is

£o) = (1= 6000) T ( [ Hecrm Bt -0y,

t v rlc—t+k,c—t)
.+ /O ._7(C7t+u’c7t) (/O y(C,t+k) (Fc<t — k)) )\(u7 o t) dl{:)g(u, l)du <S26)

or, equivalently

Fu(t) = 5(1 —a, 1)> exp [A(C, ‘- t)n(/ot Viewrsuy (Fult —u)) " ;(’;:i’;* D g - 1”

o+ /Ot exp {/\(u, . t)/f(/ou Viemron (Fult — 1)) " A(Z:’fi) Dy, — 1)}9(% )du

(S.27)

3.3 Poisson case

If N(t,1) is an inhomogeneous Poisson Process, then, as the infection event size for a Poisson

Process is always 1 [1], one has V;)(s) = s. To aid understanding below in the Negative Binomial

11



case, it is helpful to note that the Lévy Process, A/, can hence be characterised by

PN (t +dt) — N (t) 1— kdt
PN (t + dt) — N(t) = 1) = kdt

PN (t+dt) — N(t) > 1) = o(dt)

0)

Setting k = 1 as discussed above, the generating function equation becomes

Ft,1) = s<1 — Gt -1, 1)) exp K OH F(t,1+ k)p(l + k)w(k)dk — A(t,z)ﬂ

ot /O“ exp K/u Pt 1+ B)p(l + k)w(k)dk — A1+ u, Z)H g(u, Ddu

0

This equation can be further simplified by recalling that

t t—1 t—1
At 1) ::/l r(u,l)duz/o 7‘(u—|—l,l)du:/0 plu+ lv(u)du

therefore

(S.28)

(S.29)

(S.30)

F(t,1) = s <1 — G -1, z>> exp K/O” Ft,1+ k)p(l + k)w(k)dk — /0” oL+ k)y(k:)dkﬂ

ot /OH exp K /Ou Ft, 1+ k)p(l + kv (k)dk — /0 ol + kp(k)duﬂ o, 1)du

- s(l _ G- z,z)) exp K/OH oL+ K)wik) (F(t,1+ k) — 1) dk)]

ot /OH exp K /Ou oL+ kw(k)dk (F(t,1+ k) — 1) )} g(u,1)du

For computational ease the auxiliary function equation is then

F.(t) = s(l - G(t,l)) exp[(/ot (Fo(t—u)—1)plc—t+ u)u(u)du>]

ot /Ot epr/Ou (Fu(t—k)— 1) plc —t + k)u(k)dk)]g(u,l}du

12

(S.31)

(S.32)



3.4 Inhomogeneous Negative Binomial case

Our derivation follows from the well-known relationship that the Negative Binomial distribution

arises from a compound Poisson distribution. For p € (0,1) and ¢ € R, if

N
X=> Y (S.33)
i=1
where
N ~ Poisson(—¢ In(p)) (5.34)

and each Y; is independent of N, iid, and follows a logarithmic series distribution
Y; ~ Logarithmic(1 — p) (S.35)

then the random variable X is Negative Binomial distributed. This can easily be proven using

In(1—(1—p)s)

pefs. Therefore we have k = —In(p)¢ and can calculate the pgf for Y as Y(s) = )

These can then be substituted into our general Supplementary Equation
For clarity we re-derive this relationship explicitly. We have
N(t) ~ NB(¢t, p) (5.36)

As M (t) has iid increments,

(k + ¢dt — 1)(k + ¢dt — 2)...¢dt

IP(N(t—i—dt)—J\/'(t) = k:) = P(N(dt) = k:) = (1—p)Fp?dt (S.37)

k!
Thus, to leading order, for k > 0, one has
P(N(t +dt) - N(t) = k) = OLk)k(bdt + o(dt) (5.38)
while if £ =0,
P(N(t +dt) — N(t) = o) = p?¥ = 1 4+ In(p)odt + o(dt) (S.39)

(noting that In(p) < 0). This means that the infection event process Jys satisfies

]P’<JN(t +dt) — In(t) = o> =1+ In(p)odt + o(dt) (S.40)

13



and

IP(JN(t +dt) — In(t) = 1) = i (1%)%‘# + o(dt) (5.41)
=1
= —In(p)odt + o(dt) (5.42)

and hence, Jyr is a Poisson Process of rate —In(p)¢ [2] . Thus, one has

k= —In(p)¢ (5.43)

as expected. Moreover, the pmf (probability mass function) of a infection event size, Y is given by

gy (-p)f
P(Y =k)= hn(p) (S.44)
One can hence find the generating function as
_ (M =p)s)Fe
Y(s) = kz:l ~rnG) (S.45)
Noting that
o~ (1-p)" _
;; i)~ 1 (S.46)
one has - X
P = W= 1=ps) 5 0= (= pls)" Il =(1=p)s) sa7)

In(p) = —kIn(l—(1-p)s) In(p)

These results can be substituted into the general formula to give
t—1
F(t,1]) =s (1 -Gt -1, l)) exp [— (b(/ In(1 = (1 —=p)F(t, 1+ u)p(u+ Dv(u)du + In(p)A(t, l))]
0

s /O” exp [ ¢></Ou In(1 — (1 — p)F(t, 1+ k))p(k + D)v(k)dk + In(p)A(u, 1))} g(u, 1)du
(S.48)

As in the Poisson case, this equation can be simplified by factoring A
F(t,1) = (1 — G -1, z)) exp { - ¢( /0” (In(1 — (1 = p)F(t,1 +u)) — In(p)) plu + Z)V(u)duﬂ
et /Ot_l exp [ - qﬁ(/ou (In(1 = (1 = p)F(t, 1+ k)) — In(p)) p(k + Z)V(k)dk’)}g(u, l)du

(S.49)

14



The easier-to-solve auxiliary function is given by
t
F.(t) —s<1 -Gt -1, Z)> exp [— (;S(/ (In(1 = (1 = p)Fe(t — u)) —In(p)) p(c — t + u)u(u)du)}
0

o+ /Ot exp [ ¢</Ou (In(1 = (1 — p)Fu(t — k)) — In(p)) ple — t + k)y(k)dk)]g(u, I)du
(S.50)

Ifp= %7 then the Poisson case (with x = 1) is recovered in the ¢ — oo limit.

Note that E[N(t,1)] = W while in our case, we impose that E[N(t,1)] = A(¢,1). Solving
for p we can see p = ﬁ and this relation can be substituted into Supplementary Equation

Note that this agrees with the definition of p in the Poisson limit.

3.5 Cumulative incidence

Similar to prevalence, cumulative incidence can be calculated by counting all previous infections
as well as current ones. Following an identical derivation to prevalence the pgf for cumulative
incidence simply requires multiplying the second integral by s as the initial infection is counted in

the cumulative incidence regardless of the value of L.

=t r u
F(t,1) = s<1 ~G(t—1, 1)) j(“)( Vit (F(t, 1+ u))wdu>

0

i u I+ k,l
et S/ j(l+u,l) </ y(l+k) (F(t, l+ k))r()\z;l))dk)g(u, l)du (851)
0 0 ’

3.6 A simplified pgf ignoring g

By assuming g(u,l) = 0 V wu and therefore G(u,l) =0 V w, the pgf for prevalence (or, in this

case, equivalently, cumulative incidence) simplifies to

t—1 l ,1
F(t, l) — 5«7(t,l) (/0 y(l+u,l) (}‘—‘(t‘7 l + U))Wdu)

Additional computational savings can be gained in our case r(t,1) = p(t)v(t—1) if the infectiousness

v decays to zero quickly. This means that the auxiliary equation used for computation can be

15



truncated to some time min(¢, T'). For example, in the Poisson case this becomes,

Fu(t) = exp K /0 e (Fult — ) — 1) ple—t + u)y(u)duﬂ s (S.52)
and in the Negative Binomial case this becomes,
F.(t) =exp { - ¢( /omin(taT) (In(1 = (1 = p)Fo(t —u)) — In(p)) p(c — t + u)l/(u)du)] s (S.53)

These computational savings allow computation of the pgf for millions of iterations in minutes.

3.7 Calculating the probability mass function via the pgf

Following [13] and [3] (originally from [12]), by the properties of pgfs, the probability mass function

p can be recovered through a pgf F’s derivatives at s =0

() = (1) Flsitrlns

This is generally computationally intractable. A well-known result from complex analysis [12]

holds that

F"(a) = L' j{ (Zf(z))n_H dz. (S.54)

2m —a

Therefore

2mi zntl

P(n) = € ]{ Mdz (S.55)

This integral can be done on a closed circle around the origin such that z = re*® and dz = izdf -

ie.
1 (2" F(re?;t, )
P(n) = — — 1 2df S.56
(n) 21t 0 (TezG)n ( )
Finally through substitution § = 27u such that df = 2rwdu, where u € [0, 1] we find
F 27rzu t 7_)
—————"—du S.57
/ Tn627mun ( )

Since trapezoidal sums are known to converge geometrically for periodic analytic functions (Davis

1959) a simple approximation becomes

M7
Z F(re27rim/M; t, T)e—Qﬂ"i”m/M (S58)

m=0

—

- Mrm

16



Bornemann|3| suggest using r = 1.

The probability mass function for any time and n can be determined numerically. One needs
M > n, which requires solving n renewal equations for the generating function and performing a
fast Fourier transform. This is generally computationally fast, but may become slightly burdensome

for epidemics with very large numbers of infected individuals.

Supplementary Note: 4 Properties of the prevalence vari-

ance

4.1 Derivation of equation for mean prevalence

Before deriving the equation for the prevalence variance, it is important to derive the equation
governing the mean prevalence. This has been previously derived in [14], although here, we re-

derive it from our new pgfs. First note that

2 ([ st e ).

= { /0 TR+ U)Wyé“"’” (F(t,1 + u))du] [j(’t,l) ( OH Virrun (F(t1+ u))Wdu> )}
(S.59)

Now, setting s = 1 so that F(-,-) =1 and F(-,-) = M(-,-), one has

[/ M(t, 14+ u (lz_u)l)y(uu n(1) UJ} [«7(/t,z)(/Ot_ly(uru,l)(l)?wdu))] (S.60)

Now, define B(t) = E(Y(t)) so that J(; (1) = B(l+u). Moreover, V1) (1) =1 so the equation

{/ M1+ u) (ZAE 1;)1) (l+u)du} {“7(/‘*”(/;[ Wm)ﬂ (S.61)

Now, necessarily

becomes

=l 4, ] / =l 4+l
/0 Wd“ =1=Ju (/0 WdU) =E(J(t,1)) = sA(t,1) (S.62)
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and so, this results in

/ M1+ )"l (+ “)l) (I + kAL, Ddu (5.63)

Moreover, evaluating .

- (I +u,l)
T ( ; Vitwy (F (8, 1+ U))wdu> (S.64)
at s =1 gives
=t r(l+u,l) B EL R (ST )

Tty (/0 y(l+u)(1)wdu) =T (/0 1x Wdu) (S.65)
= Jun(1) (S.66)
=1 (S.67)

Thus, the derivative of the full generating function equation gives

M(t,1) = (1—G(t—1,1)) {1 L M(t, 1+ u)WB(l +u)rA(, l)du] (S.68)
=t r(l+ k1)

This can be simplified significantly. Note that,

/t l/ M1+ ) R B e 4w g, 1 dkdu =

A+ u,l)
t—1
/ / Mt 1+ k)r(l + &, k) B+ k) kg(u, ) dkdu (S.70)
0 0
Moreover, one can change the order of integration to get
t—1  pt—l t—1
/ M(t, I+k)r(l+k, k) B(l+k)kg(u, l)dudk = M(t,1+k)r(I4+k, k) B(l+k)x(G(t—1,1)—G(k,1))
k 0
(S.71)

and hence, one can write the equation for M (t,1) as
t—1

Mt,l)=01-G(t-11)+ M(t, 1+ u)r(l+u,l) (B(l+u)k) (1 — G(u,1))du (S.72)
0

Note that, for the Poisson special case, B(l 4+ «,l) = 1 and for the Negative Binomial special case,
B(l+u,l) = pln(;) = —m. In both cases, it may improve the epidemiological interpretation of
p to absorb the B(l+wu,1)x term into p (so that p becomes a measure of the rate of new infections).

This gives the simpler equation
t—1
M@, =01-G({t-11) +/ M(t, L+ u)p(l + w)v(u)(1 — G(u,l))du (S.73)
0

which agrees with [14].
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4.2 Derivation of equation for prevalence variance

The equation for variance can now be found by taking the second derivative of the pgf. De-
fine W(t,1) := E(Z(t,1)(Z(t,1) — 1)). Note that this then gives the variance, V(¢,1) as V(¢,1) =
W(t, 1)+ M(t, 1) — M(t,1)%

Consider first the term

s (1 _G—1, z)) T ( /0 e (Flt i+ u))Wdu) (S.74)

The first derivative of this term is equal to

t—1 l ,l
G -1 ( [ VoroFr+ ) a) .

t—1 il
st =) [ Rt 0¥ P+ ) S T ([ Ve e+ 0) N )

(.75)

Then, the second derivative is equal to

t—1 -1
26— 10 [ Attt Pt o) S g ([ e " )

r t—1 2 t—1
_ T l —+ u, l r l + u, Z
+sGE-1L1) /o Ey(t 4 u) Vi (F(8 1+ u))()\(tl))du] N/ ( ; Vigw) (F(t, 1+ u))()\(tl))du>
- i
— T l + u, l r l + u, l
vst— 0] [ E 0y P ) ] g (1 T g
) o s \Y (I4+w) ) )\(t7 l) (t,1) 0 (I+wu) ) A(t, l)
(5.76)
Now, one can evaluate this as s = 1. Note that
t=l -1
r(l+u,l) r(l+u,l)
t—1
_ r(l+u,l)
AR
=1 (S.77)
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Moreover, define BV (t) := E(Y (¢)(Y(t) — 1)) and CW (t,1) := E(J(t,1)(J(t,1) — 1)). Note also
E(J(t,1)) = A(t,1). Thus, the second derivative evaluated at s =1 is

QG(t—l,l)[ t_lM(tl+ wB(l + )Wd ]n)\(ul)
+C¥(t—l,l)/ M(t,1+w)B(l + u) (;;?)l)du] W (t,1)

+G(t—1,0) i W(t,l+u)B(z+u)Wd}mA(t,z)

FEE—10) /O M1+ u)?BY (14 u)Wdu} KA D) (S.78)
Noting that J(t,1) is Poisson, one has
CY(t, 1)+ E(J(t,1)) —E(J(t,1)%) = var(J(t,1)) = E(J(t,1)) (S.79)
and hence
cW(t,1) = E(J(t,1))? (S.80)
Define
x(t, 1, k) =k {W(t,l + k)B4 k)yr(l+ k1) + M1+ k)?BY (1 +Ek)r(l +k, l)] (S.81)

Then, the same process can be carried out for the second part of the equation to give
t—1

W(t,1) 2G(tl,l){ M(t, 1+ u)B(l +u)r(l +u,l)du} +G(t—1,1) /tl x(t, 1 k)dk...
0

0

t—1 2
+G(t—1, l){ M (t, l+u)B(l+u)m“(l+u,l)du}

2

/t I {/ M(t,l + uw)B(l + uw)kr(l + u, Z)du] g(u, Ddu...
+ /0 - /0 x(t, 1, k)dkg(u,l)du ($82)

For ease of notation, define
2
S(t 1 u) = [/ M(t,1+ k) B+ E)sr(l + & l)dk] (S.83)
so that

W (t,1) =2G(t —1,1) Utl Mt 1+ u)B(L+ w)r(l + u,l)du} FGE—1,1) /tlx(t,l, k)dk...
0 0

1 1
e+ Gt =108t 1t —1)+ / S(t, 1, u)g(u,l)du + / / x(t, 1, k)dkg(u,)du (S.84)
0 0 0
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Now, changing the order of integration in the final term (as was done in the derivation of the mean

prevalence), this can be rewritten as

W(t, 1) =2G(t —1,1) [/ M (t, 1+ u)B(l +w)r(l +u,)du| + G(t =L, 1)S(t, Lt —1)...

0
t—1 t—1 ~
ot / St 1, w)g(u, )du + / (&1, k) Gk, 1)k (S.85)
0 0

From this, we can create an equation for E(Z(t,1)?) := X (¢,1) = W(t,1) + M(t,1) by defining

XXt L k) =k {X(t, 14+ Ek)BU+k,Dr(l+ k1) + M1+ E)?>BY (1 +k )r(l+k, 1)] (S.86)
and then simply adding the equation for M to give

t—1
X(t,1) =Gt —1,1)+2G(t - 1,1) [/ kM (t, 1 4+ u)B(l +u)r(l + u, l)du} + Gt —1,0)S(t, 1t —1)...
0

t—I

t—1
.t S(t,l,u)g(u,l)du—i—/ XX (t, 1, k)G (k, 1) dk (S.87)
0 0

Finally, to form the equation for the variance V (t,1) = X (t,1) — M(t,1)?, note that

XXt k) =k [X(t, L+ KB+ k)r(l+ k1) + M(t, 1+ k)*(E(Y (I +k)?) — B+ k)r(l + k, l)}

(S.88)
=K [V(t,l + BB+ E)r(l+ k1) + M1+ E)?EY 1+ E)*)rd + k, l)} (S.89)
=x"(t,1,k) (S.90)

and hence, subtracting M (¢,1)? from both sides of the equation for X (¢,1) gives

Vt,l) =Gt —-1,1)+2G(t —1,]) {/ kM (t, 1+ uw)B(l 4+ u)r(l + u, l)du} +Gt-LDSELt—=1)..
0

t—1

t—1
L S(t,1,u)g(u, )du + / XV (t,1,k)G(k, 1)dk — M(t, 1) (S.91)
0 0

4.3 An explanation of the variance equation

There are two main sources of uncertainty in the infection process - the infectious period of an

individual, and the number and timing of infections that occur during this infectious period. One
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can show that the variance splits into three terms - one for each of these two sources of uncertainty
from the initial individual, and one which propagates the uncertainty through the descendants of

the initial individual.

Each term will be derived by assuming that all other parts of the model are deterministic. To
begin, suppose that the infectious period of the initial individual is random but all other parts of
the model are deterministic, so that, given that the initial individual is infectious at time [ + u, it
will infect B(l + u)r(l + u,l)dt people in the interval [u,u + dt] (note that this is an abstraction
to illustrate the source of this variance, as it is impossible for non-integer numbers of infections to
occur). Moreover, it is assumed that each of these individuals have given rise to exactly M (¢,1+u)

infections at time ¢. Then, note that

var(Z(t,1)) = E(Z(t,1)?) — E(Z(t,1))? (S.92)
= /OO E(Z(t,1)*|L = u)g(u, l)du — M(t,1)* (S.93)

0
/t l [/ M(t, 1+ k)B(l+ k)r(l + k, l)dkr (u,)du.. (S.94)

0

t—I

G- 1)( M(t, 1+ k)B(l+ k)r(l + k, l)dk>2 — M(t,1)?

0

=Gt —1,1)+2G(t—1,1) /” M(t, 1+ k)B(l+ k)r(l + k,1)dk + ... (S.95)
0
A GE—=1LDS(, 1t —1) + /” S(t,1,u)g(u, )du — M(t,1)?
0

which recovers all the terms of the variance equation except for fot_l XV (1, k)G (k, 1)dk

Now, suppose that the infectious period of the initial individual is deterministic in the sense
that they infect others at a rate of 7(I + k,1)G(k,l), i.e. the expected rate at time [ + k. Thus,
the number of infection events in the interval [l + (k — 1)dt,l 4 kdt] is (to leading order in dt)
a Poisson variable, A, with mean r(I + k,1)G(k,1)dt and hence the number of infections is that

Poisson variable multiplied by Y (I + k,1). Finally, note that, as before, any individuals born at
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time { + k will be assumed to deterministically cause M (t,l+ k) active infections at time ¢. Thus,

k=t—1

var(Z(4,1)) = / var(M(t,1 + k)Y (I + k) Ag) (S.96)
k=0
t—1 k=t—1
:/ E((M(t,1 + k)Y (1 + k) A)?) 7/ E((M(t,1 + k)Y (1 + k) Ap))? (S.97)
0 k=0
k=t—1 k=t—1 ~
= / M(t, 1+ k)*E(Y (I + k)*)E(AZ) — / B(l+k)?r(l + k,1)*G(k,1)?dt> M (t,1 + k)?
k=0 k=0
(5.98)
Ignoring the dt? term as it has zero measure, and noting that Y and A, are independent
t—1
var(Z(t,1)) = / Mt 1+ k)*BY (1 + kD2 r(l + k, DG (k, )dt (5.99)
0

which is again a term from the variance equation.

The final term, fo_l V(t, 1+ k)B(l + k)G(k,1)r(l + k,1)dk denotes the propagation of uncertainty
through future generations. Indeed, if the infection process of the initial individual (and its infec-

tious period) are assumed to be fully deterministic, then one simply has
t—1
var(Z(t,1)) = / var(Z(t,l + k))E(number of individuals born at | + k) (S.100)
0

which can easily be seen to give the correct term.

4.4 Overdispersion

For the purposes of this note, it is helpful to create the following definition

Expanded: An epidemic is called “expanded” at time ¢, if there is a non-zero probability that the

prevalence, not counting the initial individual or its secondary infections, is non-zero.

In this note, it will be shown that, if Z(t,1) is the prevalence of new infections (that is, the
prevalence without counting the initial case) then if the epidemic is expanded at time ¢, Z (t,1) is

strictly overdispersed. That is

var(Z(t,1)) > E(Z(t,1)) or E(Z(t,1+k))p(l+k Dv(k)G(k,1) =0 Yke (0,t—1) (S.101)
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The second condition ensures that, at each k, either the likelihood of a new infection being caused
at time [+ k, or the probability of an individual who was infected at time [ 4 k causing subsequent
infections whose infection tree has non-zero prevalence at time t, is zero. Hence, it is equivalent to

the epidemic not being expanded at time t.

It is crucial to use Z(t, 1) rather than Z(t,1), as otherwise the deterministic initial case means that,
for early times, the prevalence is underdispersed (as, for example E(Z(l,1)) = 1 and var(Z(l,1)) =
0). Moreover, the condition on the tertiary infections is necessary as, otherwise, if N(¢,1) is Pois-

sonian, then Z(t,1) is also Poissonian (and therefore not strictly overdispersed).

It is helpful to derive equations for the quantities for the mean M (t,1) and the variance V(t,1) of
the new infection prevalence. This can be done by following the methods of the previous note.
The derivations are mostly identical, and so will not be covered in detail. However, the key point

is to note that the equation for the pgf, F, becomes
t—1
~ ~ r(l +u,l

/ Tosuny (/ Vo (F(t,1+ k) EH_]”))dk;) (u, 1) (8.102)

as the factor of s in the first term is discarded. This equation can then be differentiated as before

to show that

Mt 1) = (1= G(t —1,1)) [/ NI(t,1 + )WB(Z—}—u)n)\(t,l)du}..
/t l/ M(t, 1+ k) g +Z ll))B(l + E)RA( + u, ) g(u, l)dkdu (S.103)
and then rearranged to
M(t,1) = /0“ M(t, 1+ u)r(l 4+ u, ) Bl + u)k(1 — G(u,1))du (S.104)
Defining S as the analogue to S, by
St 1, u) = [/ M40+ k) B + k)rr(l + & l)dkr (S.105)
and using G = 1 — G, the first of these equations can be written more succinctly as
(1) = Gl — DS L1005 4 [ S0 u)*5g (. ) (S.106)

0
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The equation for f/(t, l) can be calculated in a similar way. The only changes to the derivation are
that the first term in Supplementary Equation is discarded to account for the discarded s in
the pgf, and that when adding the mean to move from W to X (in analogue to Supplementary
Equation , one no longer needs to add the G(t — [,1) term. Thus,

V(t, 1) =Gt —1,1)S(t,1,t—1)+ /H S(t,1,u)g(u,l)du + /H XV (t,1, k)G (k, 1)dk — M(t,1)
0 0
(S.107)

Now, the proof of overdispersion can begin. Firstly, it is helpful to bound M (t,1) above, which can

be done as follows. Squaring Supplementary Equation shows that
2

t—l t—1
M(t, )% = G(t —1,1)2S(t,1,t — 1)+ 2G(t — 1,1)S(t,1,t — 1)0~5/ S(t,1,u) " g(u, 1)du + U S(t,1,u)"g(u,)du
0 0

(S.108)
Now, using the Cauchy-Schwarz inequality, we see that
t—1 2 t—1 2
[ st gnan = | [ S w000 o000 (5.109)
0 0
t—1 t—1
< {/ S(t,l,u)g(u,l)du] {/ g(u)du} (S.110)
0 0
<1 —G(t—l,l))[ S(t,l,u)g(uJ)du} (S.111)
0
Suppose that G(t —[,1) # 1. Then, using
L Glt—LD (S.112)

1 = — — —
1-Gt-4Ll) 1-Gt-11)
to split the final term in Supplementary Equation we find

t—1
M(t, )% < G(t —1,1)2S(t,1,t — 1) + 2G(t —z,z)S(t,l,t—1)0-5/ S(t, 1, 1) g(u,l)du...

(=)

a7 t—1 2 t—1
- %[/{) S(t,z,u)o-f’)g(u,ndu} + [/O S(t,1,w)g(u,)du|  (S.113)

To facilitate the remainder of this proof, it is helpful to define
t—1
Q(t,1) == / S(t,1,u)g(u, l)du (S.114)
0

Note that Q(t,1) > 0 as S and ¢ are non-negative. Moreover, for fixed ¢ and [, the function

S(t,1,u)5 is non-decreasing in u and hence

t—1
Qt,1) < S(t, 1t — 1) g(u,l)du = S(t,1,t —1)*°(1 — G(t —1,1)) (S.115)
0
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Consider the function

FQ) = 2G(t — LS (t,1,t —1)°5Q — %@2 (S.116)

for Q € [0,S(t,1,t —1)°%(1 — G(t — 1,1))]. f is a quadratic, and has a single turning point at
Q) =0=Q=S5(t1t-01"°1-Gt-11) (S.117)

This is an endpoint of the domain of @ and hence the maximum value of f(Q) must occur one of

the endpoints. f(0) =0 and
f(S(t, Lt—0"°1 - G(t — l,l))) =Gt—1,0)1 -Gt —-1,1)5t1,t—1) (S.118)

This is non-negative, and hence the maximal value of f(Q).

This can be put into the equation for ]\Zf(t, 1)? to give

M(t,1)2 < Gt —1L,1D2S(t, 1, t = 1) + Gt — 1,1)(1 — G(t —1,1)S(t,1,t — 1) + [ o S(t,1,u)g(u,l)du
0
t—1

=Gt —1,0)S8(t,1,t—1)+ { S(t,l,u)g(u,l)du] (S.119)

0

Both the terms on the right hand side appear in the equation for V, and hence, substituting this

result in shows that
t—1
V(t,1) 2/ XV (t, 1, k)G(k, 1)dk (S.120)
0

As this holds for all G(t —[,1) < 1, it must also (under relevant continuity assumptions) hold for

G(t —1,1) = 1, and hence in all cases. Now,
XVt k) =Vt 1+ k)BA+k)r(+k 1) + Mt 1+ EEY (1 +ED)r(+k1)  (S121)
As Y > 1 by definition, one has
B(l+k)=EY(I+Ek1) <EY(I+FEID)?) (S.122)
and hence

XV (1 E) < |Vt 1+k)+ Mt 1+k)? | BU+k)r(l+k,1) = E(Z(t,1+k))B(+k)r(+k1) (S.123)
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Finally, as Z(t,] 4 k) > 0 and is integer-valued, one has Z(t,] + k)2 > Z(t,1 + k) and hence
XV (6,1, k) < M(t, 1+ k)B( + k)r(l + k, 1) (S.124)
Thus,
V1) > / Nt + k) B( + k)r(l + k, )Gk, Ok = V(4,1 + k) (S.125)
0
which proves weak overdispersion.
To prove strict overdispersion, note that, for Supplementary Equation to hold to equal-

ity, it is necessary that all the inequalities used hold to equality. Thus, in particular, it is necessary

that
t—1 1
/0 M (t,1+k)B(I+k)r(+k,1)G(k,1)dk = /0 E(Z(t,1+k)?)B(l+k)r(l+k,1)G(k,1)dk (S.126)
and hence, as B(l + k) > 1,
r(l+k, DGk, 1) > 0= E(Z(t,1+k)?) = M(t,1+ k) (S.127)
This means that
r(l+k,DG(k,1) > 0= E(Z(t, 1+ k) (Z(t,1+k) —1) =0 (S.128)
and hence, as Z(t,1 + k)(Z(t,1 + k) — 1) is a non-negative integer, this means that
r(l+kDG(k,1) > 0= Z(t, 1 +k)(Z(t,1+k)—1)=0 (S.129)

almost surely. We now show that if P(Z(t,1) = 1) > 0, then P(Z(t,1) > 1) > 0. This can be done

as follows.

Define the set S to be the possible times at which the initial individual can cause a secondary

infection which in turn starts an epidemic that can have non-zero prevalence at time ¢. Then,
S= {u elt=0:r(l+ul)>0, G(u,l)>0 and P(Z(t,l+u)>0)> 0} (S.130)

Note the use of Z rather than Z. The first two conditions ensures that the likelihood of the initial

individual causing an infection at time w is non-zero (as it must have non-zero rate here, and also
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a non-zero probability of still being infectious). The third condition ensures that the probability
of this secondary infection’s infection tree still containing at least one infectious individual at time

t is non-zero. It is necessary that
/ r(l + u, )G, DP(Z( 1+ u) > 0)du > 0 (S.131)
s

as otherwise, Z(t,1) = 0 (as this integral sums over all possible epidemics that lead to Z(t,1) > 0).
Define

S(x)=8n(l,z) (5.132)
and the function
f(z) = /S( )r(l +u, )G (u, )P(Z(t,l + u) > 0)du (S.133)
Then, f must be continuous, and so there exists some y € (0,¢ — ) such that
0< fly) < flt—1) = /S r(l + u, )G lu, DP(Z(E 1 + 1) > 0)du (S.134)

Thus, there is a non-zero probability of an individual being infected in (I, l+y) causing an epidemic
that has non-zero prevalence at time ¢ and, similarly, a non-zero probability of an individual being
infected in (I + y,t) causing an epidemic that has non-zero prevalence at time ¢. Thus, as the
infections processes have independent increments and as the initial individual causing an infection
in (I + y,t) implies that it must have been infectious for the whole interval (I,I + y), there is a

non-zero probability of two such individuals being infected: one in (1,1 + y) and one in (I + y, ).

Hence

P(Z(t,1)=1) >0=P(Z(t,]) > 1) > 0 (S.135)
as required. Thus,

r(l+k,DG(k,1) > 0= Z(t,l +k) =0 (S.136)
and so

E(Z(t, 1+ k)r(l+ kDG(k,1) =0 Vk (S.137)

Thus, we have strict overdispersion, V(¢,1) > M(t,1), provided that the epidemic is expanded at

time ¢, as required.
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4.5 Comparison to a Poisson case

Consider comparing the variance Supplementary Equation [S.91] with the variance of an epidemic
where infection events are always of size 1 (that is, where the counting process of infections, N*(¢,1)
is a Poisson case, meaning B*(t) = 1). Asterisks will be used to denote the quantities relating to

this Poisson epidemic.

Suppose that the infectious period is the same in both cases (so G = G* and v = v*). To ensure a
fair comparison, it is also assumed that the mean number of cases is the same in both cases with
M(t,l) = M*(t,l). By examining the Supplementary Equation for the mean, and absorbing

k into p in both cases, one can see
B(l+u)p(l+u) = p*(l +u). (S.138)

The variance Supplementary Equation [S.91] can now be examined. Firstly, note that
t—1 t—1

M(t,l +uw)B(l +w)r(l + u,l)du = M*(t, 1+ u)r* (I + u,l)du, (S.139)
0 0

using the result above and the fact that M (¢,] + ) = M*(¢,l + u). Similarly,

S(t,l,u) = S*(t,1,u). (S.140)
Thus,

V(t, 1) —V*(t,1) = /tl(xv(t,l, k) =XV (4,1, k) G(k,1)dk (S.141)

0
_ /” (V(t,l CR) =V L+ k)> B(+ k)yr(l + kb, )Gk, Ddk...  (S.142)

Ot—l

+ / (E(Y(l +k)?) — 1>M(t, L4+ k) r(L+ k,D)G(k, 1) dk (S.143)

0

By defining AV (,1) := V(¢,1) — V*(¢,1), one can see that this is a renewal equation

t—1 t—1
AV (t,1) = / <E(Y(Z+k)2)—1> M (t,1+k)r(14+k, 1) G(k, 1) dk+ / AV (t, 14k)B(14-k)r(14+-k, 1) G (k, 1) dE.
0 0
(S.144)
An important property of this renewal equation is that the part that is independent of AV on the

right hand side grows. That is,

AV (t,1) > /H (E(Y(l +k)?) — 1) M(t, 1+ k)*r(1+ k, )G (k,1)dk. (S.145)
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Thus, even though these two epidemics give the same mean, the difference in their variances is
proportional to the square of this mean. This means that models fitted to a Poisson process frame-
work, even without exponential infectious periods, will substantially underestimate the variance of

the number of cases (recalling that E(Y (I + k)?) > 1 in the non-Poisson case).

4.6 Large time solutions to the variance equation

To further understand the variance, we consider large time approximate solutions to the variance
equation. Note that the level of rigour in this note is lower than the rest of our derivations as the

results are derived for illustrative purposes.

It shall be assumed throughout this note that x has been absorbed into p. Moreover, to enable
explicit asymptotic solutions to be found, it shall be assumed that p, B and E(Y?) are constants
and that g = g(t). Therefore all individuals behave identically (in distribution), irrespective of
the time at which they were infected. Moreover, it means that (I + k,1) = r(k), as the rate of

infection depends only on the time since the individual has been infected

Under these assumptions, the mean M (¢,1) = M(t — l) and the variance V(t,l) = V(¢ — 1) are

functions of ¢ — [ only. This property will be used when forming the heuristics used in this note.

The final assumption is that G(t) has a finite support - that is, G(t) = 0 for sufficiently large .

This is not strictly necessary, but simplifies the analysis.
Then, for ¢ >> [, the mean and variance equations become
t—1 ~
M(t,l) = / M(t,l + u)Bpv(u)G(u)du (S.146)
0

and
l

. XV (t,1,k)G(k)dk — M(t,1)%. (S.147)
0

V(1) = / T Sttt + /

Motivated by the exponential growth of epidemics without susceptible depletion, consider the
heuristic

M(t,1) = e"t=0 (S.148)
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for some growth rate v (note that in Supplementary Equation |S.146| scaling M by a constant does
not affect the solution). Then, Supplementary Equation [S.146| becomes

t—1
eVt = eW(t*l)/ e " Bpv(u)G (u)du. (S.149)
0
Now, assuming that ¢t — [ >> 1, as the integrand has finite support,
eVt = (=D / e " Bpv(u)G(u)du = eV H(v), (S.150)
0

where H(7y) is a monotonically decreasing function such that H(—o0) = co and H(oco) = 0. It is
necessary that

H(y) =1 (S.151)

and, by the above notes on H, there is a unique value for v (independent of [) such that this holds.

We shall henceforth assume that v is equal to this value.
Note that (by considering the case v = 0)
v>0& / Bpv(u)G(u)du > 1 (S.152)
0

and so the epidemic grows if and only if the expected number of cases caused by an individual is

greater than 1, as expected.

The variance equation can now be considered. Note that

2

S(t,1,u) = { /O ' M(t,1+ k)Br(k:)dk} : = 2(t=D [ /O ’ e‘”kBr(k)dk;] . (S.153)

Hence, the equation for the variance becomes

t—1 u
V(t,l):eh(t’l)/ U e”’“Br(k)dk}
0 0

t—1
4 e2v(t-D) / e 2R E(Y2)r (k)G (k)dk — €20, (S.154)
0

g(u)du + /Otl V(t,1+ k)Br(k)G(k)dk...

Note the x" term has been split into the two single integrals with integration variable k. This

equation motivates a heuristic

V(t,1) = Ce* =0, (S.155)
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which, again using the fact that the integrands have finite support, results in

2
I° [ IS e‘”’“Br(k)dk] g(u)du + [;° e *E(Y2)r(k)G(k)dk — 1

O:

1= [ e 2% Br(k)G(k)dk (8.156)

Note that

/OOO {/Ou eW’cBr(k)dk}

2 2

g(u)du > /000 [/Ou e "*Br(k)G(k)dk| g(u)du (S.157)
—1. (S.159)

and hence the numerator is strictly positive.

Moreover, suppose that v > 0. Then, note that
/ =2 By (k)G (k) dk < / =% Br(k)G(k)dk = 1 (S.160)
0 0
which means that the denominator (and hence C') is strictly positive.

Note that if v < 0, this variance approximation is not well-defined (as C' is either infinite if
~v = 0 or negative if 7 < 0) and so it is necessary to find another solution. In the v < 0 case,

eVt=0 > e27(t=D) and a leading-order solution can be found simply from
V=0, (S.161)

Thus, according to these approximations, the variance grows with the square of the mean in the
~v > 0 (i.e. growing epidemic) case, while it decreases proportionally to the mean in the v < 0 (i.e.
shrinking epidemic) case. The v = 0 case is the bifurcation point between these two solutions and

would require further analysis.

In the growing epidemic case, the equation for C'is also informative in characterising the effect of the
different model parameters on the variance. In particular, it shows that there is a linear relationship
between E(Y (t)?) and the variance, re-emphasising the point made in the previous subnote that
ignoring this parameter can have significant effects on the variance estimate. Moreover, it shows
that variance grows rapidly throughout a growing epidemic, remaining proportional to the square

of the mean.
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4.7 Mean and variance for cumulative incidence

The equations for the mean and prevalence of the cumulative incidence of the epidemic can be
derived almost identically, as the two generating functions are very similar. The mean equation

gains an term from the additional s being differentiated, which is

t—1 u

r(l+ k1)
—~dk Ddu =Gt —1,1 S.162
J14u) (/0 Vatr,0(1) NN >9(U, )du ( ) ( )

and hence, the mean equation becomes (using *s to denote cumulative incidence quantities)
t—1 -
M*(t,l)=1+ M*(t, 1+ u)p(l + u)v(u)G(u,l)du (S.163)
0

Now, the only difference in the equation for W in the case of cumulative incidence is that the term
Supplementary Equation appears in both parts (again due to the extra s term). This can be

treated in the same way as x in the original derivation and so
t—1
Wt 1) = 2/ KM* (1 + ) B+ u)r(l +w, )G u, D)du + Gt — LOS(E 1t —1)...
0
t—1 t—1 _
ot / (1, w) g, ) du + / (61 B)G (K, 1)k (S.164)
0 0
Again, following the previous derivation, one can then arrive at
t—1
Vet =1+ 2/ KM*(t, 14 u) B(L+ u)r(l + u, )G (u, )du + G(t —1,1)S(t,1,t = 1)...
0
t—1

t—1
e S(t,z,u)g(u,l)du+/ XV (4,1, )Gk, 1)dk — M*(t,1)? (S.165)
0 0

Supplementary Note: 5 Likelihood functions

5.1 Continuous case

If only the cumulative incidence, Z(t,1), is known at some time ¢, the full epidemic history - in
particular, the times at which each individual was infected, and the times at which they stopped

being infectious - are unknown. Thus, it is helpful to derive a likelihood function for each possible
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sequence of these times.

Perhaps the most intuitive approach would be to treat the times at which each individual was
infected as continuous random variables. However, the resultant pdf is complicated by the fact
that multiple infections are likely to happen simultaneously if E(Y') > 1, and will have a significant
number of Kronecker delta functions to accommodate this, making it complicated both mathemat-

ically and practically.

To remedy this, we instead consider three sets of random variables - a vector T of unknown size
n+ 1, which contains the times of all the infection events up to time ¢; a vector Y also of size n+1,
which contains the size of each of these infection events (that is, y,, is the number of individuals that
are infected at time 7,,); and a vector D containing the times at which each individual stops being
infected. To make the subsequent notation clearer, we shall use a non-rectangular array X in place

of D, where X;; will be the time at which the jth individual infected at time 7T} stops being infected.

We will suppose that for each s > u and positive integer k
P(N(s+dt,u) — N(s,u) = k) = pr(s,u)dt + o(dt) (S.166)
and that
P(N (s +dt,u) — N(s,u) = 0) = 1= > pi(s,u)dt + o(dt) = 1 — r(s,u)dt + o(dt) (S.167)
k>1

as the counting process of jumps in N(s,u) is an inhomogeneous Poisson Process of rate r(s, u)
(absorbing the & into r). We can hence create a likelihood function. Define 1 to be a vector of 1’s,
and choose any vectors 7 and d such that each 7;,d; € (0,t). Define dt to be small enough so that
7, —7; > dt for all i > j and so that |7, — d;| > dt for all 7, j (note that, the set where 7; = d; has

zero measure and can be ignored). Moreover, choose a positive-integer-valued vector y. Then,

P(T € [r,7+dt1],D € [d,d + di1],Y =y) = P[( ﬂ {yx infections in [y, 7% + dt]})
k=1
N ( ﬂ {no infections in [r} + dt, T]H_l]) N < ﬂ ﬂ{L € lxiy; — T, xij — T + dt]})] (S.168)

k=0 i=0j=1
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where 7,41 := ¢ to reduce notation, x;; is the value of X;; in the case D = d and L is a random
variable equal in distribution to the infectious period of an individual. Each of the infection events
in the above equation occur on disjoint subintervals of [0,¢] and so, as all of the processes N (¢,1)
have independent increments, and each individual behaves independently of each other and their

infectious periods, they can be considered separately. We have

k—1 vy;

P(yy, infections in |7y, 7% + dt]) = Z Z e, <ryPyi (T, Ti)dt + o(dt) (S5.169)
i=0 j=0

Here, the o(dt) term contains three components that can be linearised out of the model - the proba-
bility that multiple different individuals contribute to the yy, cases (this is O(dt?)); the probabilities
of individuals infecting no one in this interval (these are independently 1 — O(dt) and hence the
O(dt) contribution can be ignored when these probabilities are multiplied together); and the o(dt)

terms from the equations defining py.

As the counting process of jumps in N(s,u) is an inhomogeneous Poisson Process, and it is only

“active” for individual ij up to time z;;,

kv min(z;j,Th+1)
P(no infections in [ + dt, 741]) = H H exp ( - / r(u, Ti)du) + O(dt) (S.170)

i=0j=1 min(x;;,7k)
where here, the O(dt) term contains the integral between 7, and 7 + dt of each of the integrands.
Taking the products inside the exponential as sums, the various “no infection” terms can be

combined together to give

n

n o Yi min(t,z;;)
P no infections in |75 + dt, Tp11 =exp| — r(u, 7)du S.171
+

k=0 i=0 j=0

Finally, the infectious period terms can be simply calculated from the pdf, g, of L as
P(L € [.’Eij — T, Tij — Ti + dt]) = g(.’l?ij - Ti77'i)dt + O(dt) (8172)
Hence, combining all the relevant terms,

P(T € [r,7 +dt1],D € [d,d + dt1],Y = y) = o(dt" D)4

ﬁ [( ﬁ g(ﬂfkj — Tk, Tk)) (’“z_:l i ]l{Xi]-<T,c}py,c (Ths Ti)>:| exp ( — zn: i /Tmm(t’Xij) r(u, Ti)du) (dt)n+z(t,l)

k=1 " \j=1 i=0 j=0 i=0 j=0"Ti
(S.173)
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and thus, taking dt — 0 gives a likelihood function of

k—1 y; min(t,z;;)
Ly =1 [(Hg )]0 THERTERN| IYES 9 S ARETRATY
k=1 i=0 j=0 i=0 j=0"T:
(S.174)
It is simple to substitute in the two examples that have been previously considered. In both cases,
r(a,b) = p(a)v(a —b). In the Poisson case, one has pi(a,b) = p(a)v(a — b) and pg(a,b) = 0 for

k > 1. In the Negative Binomial case, the values of p; are given by

P(T € [r,7+dtl],D € [d,d + dt1],Y = y)
pr(a,b)dt = }% ( dn+Z(t0) (S.175)
= P(Jar(a + dt,b) — Jar(a,b) = P(Y = k) (S.176)
1-p)*
- b—a) Pl 1
plawts - o S0 (177
5.2 Special case (Poisson)
In the Poisson case, Ay ; is Poisson distributed with mean p(k)v(k — ¢). Hence,
k-1
Ar(b,y,d P01( Z v(k —1) Z ]l{z”<k}> = Poi(pr) (S.178)
=0 j=1
and so, the more computationally useful log-likelihood is
Uy, D) = (uxlog(yr) — px — log(y!) +Zzlog 9(zij — TiyTi)) (5.179)
k=1 i=1 j=1
5.3 Special case (Negative Binomial)
In the Negative Binomial case,
N
Api=p Y Y; (S.180)

where the Y; are iid logarithmic random variables with a pmf given by Supplementary Equation
that is independent of the properties of the individual, and N is Poisson distributed with
mean p(k)v(k — i). Thus,

A~ NB(pk,p) (5.181)
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where, as before, p = % and py is defined in the previous note. Hence, as

+
k-1
log {P(NB(a,p) = k)] = Zlog(a + j) + klog(1 — p) + alog(p) — log(k!) (S.182)
=0
we have
(r.9.D) = Y- tox(ora-+) + log (15 ) + omtos (2 ) = o] + 3 3 toelalas — 77
k=0 i=1 j=1
(S.183)

5.4 Approximating the likelihood

It is difficult to simulate from the likelihoods when the infectious periods of the individuals are
unknown because often, Z(t,I) >> ¢ (whereas the other unknowns, 7 and y have only n ~ ¢t
parameters). To remedy this, we use an approximation - given an estimate of the function g, we
simulate

D;=L;+7 where L;~g (S.184)

For some D, the observed epidemic may be impossible (e.g. if, Dy < by, where b; is the time that
the first infection event occurs). Thus, it necessary to impose a feasibility condition. Many such

conditions are possible, but we use a simple condition by defining

Li

= max(L;, 741 — 7;) (S.185)
and then define
D*

K2

=7+ L] (S.186)
Given these values, we can then create an approximation, £* to be
e (T,y) ~ t,y,D") (S.187)

This clearly creates a non-deterministic likelihood as it is dependent on a set of random variables.
However, from our simulations, it appears that £* has a small variance, and so this extra randomness

does not significantly affect our calculations.
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Supplementary Note: 6 Assessing future variance during an

epidemic

Many of the equations presented thus far have been concerned with properties of an epidemic
started from a single case at a fixed deterministic time. However, it is crucial to be able to
calculate the risk from any time during the epidemic, and such a derivation is presented in this
note. This derivation is more algebraically involved than the other work in this paper, and so
to reduce its length, it will be assumed that N(t,1) is an inhomogeneous Poisson Process, and
that L = oo for each individual. This means that y and D can be ignored when considering the

likelihood.

6.1 Derivation

Suppose that the prevalence (or, equivalently in this case, cumulative incidence), Z(¢,1) = n + 1,
is known at some point in an epidemic, but that the times at which these infections happened, B;,
are unknown. Note that the notation B; rather than T; is used in this note, because these times
are now an exact analogue of birth times in a birth-death process. The condition of n + 1 rather
than n has been chosen as this means that there have been n new infections and will make the

following derivation notationally simpler.

Note that the infection time of the initial individual, By is known to be equal to I, but it will
be treated identically to the other times to reduce notation. Its marginal pdf is fp,(b) = 6(b—1).
Following the previous note, the pdf fg(b) of the infection times is
n i—1
fe(b) = FZE = 1_[1< v(b; — )eXp { Z/ p(s + v (s)ds (S.188)
i= 7=0

Now, one can write

Z(t+s,1) = ZZ*t+sB (S.189)

where Z;(t + s, B;) counts the infection tree started at the individual infection at b;, considering

only those infections that occurred after time ¢ (that is, if this individual infects someone at time
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a < t, the infections of this second individual will not be counted, even if they occur after time ).

This can be rewritten as
t n
Z(t+s,1) :/ > ZE(t+ 5,b)1 (- (S.190)
b=0 =0
where here, 1 is the indicator function. Hence,

t n
var(Z(t + s,1)) = var(/ Z Z7(t + s, bﬂ{&—b}) (5.191)
b=0 =0
t n
= / Zvar(Z:(t—&—s7b)]1{Bi:b})...
b=0j—o

t t n n
ot /b—o /_0 Z ZCOV(Z;(t + s, b)ﬂ{Bi:b}a Z;(t + S»b)]l{Bj_c}> (]l{(b,i);é(c,j)})

i=0 j=0
(S.192)
The first term in this equation can be expanded as
var(Z; (t + s,b)1{p,=)) = E(Z; (t + 5,0)°1{p, py) — E(Z] (t + 5,b)L{p,=})? (5.193)

— E(Z; (t+ 5.0))E(L (p,2)) — E(Z; (t + 5,0)*E(Lp,=))>  (S.104)

Note that E(1{p,—53)* = O(db*) and hence this term has zero measure (as it is only integrated

over one dimension). This leaves
var(Z; (t + s,0)1(p,—py) = E(Z; (t + 5,b)) fp, (b)db (S.195)

where fp,(b) is the marginal pdf of B;.

The second term can also be expanded - note that, by the independence of the Z* terms, for
i F ]

cov <Zz*(t+sv b)]]‘{Bi:b}7 Z; (t+37 b)ﬂ{Bj—c}> = E(Z;k(t_'—s: b))E(Z]* (t+57 C))Cov(l{Bi:b}v ]l{Bj:c})
(S.196)

Moreover, if 4 = j, then one has b # ¢ and hence
Lip,=pyLiB,=c} = L{B,=b,B;=c} =0 (5.197)
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which means

cov <Zz*(t + 5, b)]]'{Bi:b}? ZJ* (t + s, b)]l{szc}) = _E(Zz* (t + s, b))E(Zj* (t + 5, C))E(H{Bi=b})E(]l{Bj=c})
(S.198)

= E(Z](t+ 5, D)E(Z} (t + 5, 0))eov(Lp, -y, T (5, ~c))

(S.199)
and hence the Supplementary Equation holds in all cases. Now, one has, for ¢ £ j
cov(Lip,=p} 1(B;=c}) = E(LB,=0y L (B,=}) — E(L(5,=})E(L{B,=c}) (5.200)
= ]E(]I{B,-:b,Bj:c}) - fBi(b)fBj (C)dbdc (8201)
= (fB.,8,(b,c) — f5,(b)fB,(c))dbdc (5.202)
while if ¢ = j and b # ¢, this result also holds, following the convention that
fBi,Bi (b, C) = (5(b - C)fBi (b) (8203)

(and hence in this case is zero) where § is the Kronecker delta.

Thus, in all cases

cov (Z;‘(t—&-s, b)1p,—vy, Z; (t-+s, b)]l{Bj_c}) = E(Z] (t+s,b))E(Z; (t+s,¢))(fB;.B; (b,c)—fB,(b) [B,(c))dbdc
(S.204)

This gives an equation of
t n
var(Z(t + ,1)) = / SOE(Z; (t+ 5,6)) 5, (b)db...
b=0 ;—o

t t non
. /b . / . Z D E(ZE(t+ 5,b)E(Z; (t+ 5,0))(fB,.5,(b,¢) — [B,(b)fB, () L{(b,0)£(c.j)}dbde

i=0 j=0

(S.205)
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It is more informative to remove the 1 j)-(c,j)3 condition. This can be done by calculating

[N DD RCATROLEATIE) (fB,i,Bj (b,) — [, 0)f5, <c>) 1 (15— (o7 b

i=0 j=0
(S.206)

[ Bz s R 5,0) (30 ()~ £,0) ) ) Ty b (:207)
b=0 Jc=0 i=0

:/b 0/ . E IE(Z;‘(t—i—s,b)IE(Zf(t—l—s,c))(é(b—c)fBi(b) - fBi(b)fBi(c)]l{b_c}>dbdc (S.208)
=0Je=0 ;g

:/b OZE(Z;‘(t+s,b))2fBi(b)db (S.209)
=0 =0

noting that the second term is bounded and contains 1,—.; which is non-zero only on a null set
of the domain of integration (and hence the integral is zero). Thus, absorbing this correction term

into the first term in Supplementary Equation

var(Z(t + s,1)) = /b . ; var(Z: (t + s,b)) f, (b)db...

...+/b:O /CZOZZIE(Z;‘(t+5,b))IE(Z;(t+s,c))(fB“Bj(b,c)ffBi(b)fBj(c))dbdc (S.210)

1=0 j=0
The advantage of this formulation is that it allows the contributions to the variance from the
infection times B; before time ¢ and from further infections between times ¢t and t + s to be

separated. Indeed, note that if the infection times are known (so that fg,(b) = d(b—b;)), one has

L S SR s 0)BZ (4 5.0) T, () (), (0)be

=0 j=0
= /t /t izﬂ:E(Z;(t + 8, B))E(Z] (t + 5,0))(3(b — bi)d(c — by) — 3(b— bi)d(c — by))dbde
b=0Jec=0,_ =0
(S.211)
=0 (S.212)

noting that the definition of
fBi;Bi (b, C) == fBL(b)(S(b - C) == fBi,Bi(b7 C) = 5([) — bl)(S(b — C) = (5([) — bz)(S(C — bl) (8.213)

is consistent in this case. Thus, the second term in Supplementary Equation is only non-zero

when there is uncertainty in the infection times (while, moreover, the first term is only non-
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zero when there is uncertainty in the infections that occur in the interval (¢,t + s), as otherwise

var(ZF(t+ s,b;)) = 0).

To complete the derivation of the variance equation, it is necessary to derive formulae to calculate
the quantities var(Z}). To enable this, define M*(t + s,b;) := E(Z} (t + s,b;)) and X*(t + s,b;) :=
E(Z}(t+ s,b;)?) to be the mean and squared mean of the infection tree started from time ¢ by the

ith individual.

These quantities can be calculated directly from the mean and variance, M and V, of the “stan-
dard case” (where a single initial individual is infected at some time [), considered in previous
notes in this appendix. This is possible as, in the context of renewal processes, the quantities Z
are renewal processes where all but the first individuals are identical, and hence are amenable to
similar methodology. Indeed, if one supposes that {Z(t + s,t + u)},<s are a set of independent
realisations of different “standard” epidemics, one has

S

Zz* (t + S, t+ U) = / Z(t + S, t+ u)]l{individual 4 infects another individual at time ¢ 4+ u} (8214)

u=0

as the newly infected individuals start new, independent and “standard” epidemics. Define

Zy := L {individual i infects another individual at time ¢ + u} (S.215)
Hence,
M*(t + 5,b;) = E(/SO Z(t+s,t+u)Iu> (S.216)
= /S_O M(t+ s, t+u)p(t +uw)r(t — b; + u)du (5.217)
Moreover,

Xt + 8,b) = E([/u:o Z(t+ 5,1+ u)Iu} 2) (8.218)
:E</us_0 /ks—o Z(t+s,t+u)IuZ(t+s,t+k)Ik> (S.219)

Note that, for k # u, the quantities Z(t + s,t +u) and Z(t + s,t + k) are independent. Moreover,

these quantities are all independent from the indicator terms. Thus, it is helpful to split the
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integral, giving

Wt + 5, b;) :/

S

E(Z( + 5,1 +u)? > / / [ t+s,t+u)TuZ(t + s,t + k)L | T {yrny
0 u=0 J k=0

(S.220)

/s E(Z( + s,t +u)?Z, ) / M(t+s t 4 w)E(Zy) M (t + 5, + k)E(Z) 1 yrry
u=0 u=0J k=0

(S.221)
Now,
s s 2
/ M(t+s,t+u)E(T,)M(t+s,t+k)E(Z [/ M(t+s,t+u)E(Z,)| = M*(t+s,b;)?
u=0 J k=0
(S.222)
while
/ M(t+ st +u)E(Z,)M(t + s,t + k)E(Zp) L {y=ry =0 (S.223)
u=0 Jk=0
as the integrand is bounded and is non-zero only on a null set of the domain of integration. Hence,
one has
S S
/ M(t+ s, t+wE(Z)M(t+ s, t + k)E(Tp)Lyyer = M*(t + s,b;)* (S.224)
u=0 J k=0
Thus,
X*(t+8,b;) = / E(Z(t +s,t+ u)QIu> + M*(t+ s,b;)? (S.225)
u=0

— /u=o E(Z(t +s,t+ u)2) E(Z,) + M*(t + s,b;)* (S.226)

_ / (V(t+ 5,8+ 1) + M(E+ 5, ¢ +u)2)p(t + W)t — bi + w)du + M*(t + 5, ;)2
u=0

(S.227)
Hence, defining V*(t + s,b;) := var(Z*(t + s,b;)) = X*(t + s,b;) — M*(t + s,b;)?, one has
V*(t+s,b;) = / O(V(t + st +u) + M(t+ st 4+u)?)p(t +u)v(t — by +u)du (S.228)
Hence, one has the final form of the variance equation
var(Z(t + s,1)) /b OZV* (t +5,6)fp,(b)db
i=0
/b 0/ 0 ZM* (t 4+ 5. D)M(t + 5,0)(fp, (b.0) — f, (b f, (c))dbde  (S.229)
¢=0 =0 j=0
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6.2 Bounding the equation
Unlike previous formulae, this is an explicit equation and no recursion is required to get the desired
results (although recursion is necessary to calculate the V' term in V*). However, the infection

time pdf makes this a difficult equation to evaluate.

However, one can give a simpler upper bound on the variance. Define

Vbound (%) := max (v(t —b; +u)) (S.230)
bie[l,t]
so that
M*(t+s,b;) < / M(t+ s,t 4+ uw)p(t + u)Vbound (t — b; + w)du := M*(t + s) (S.231)
0
and

V*(t+s,b;) < / (V(t+s,t4u) + Mt + st 4+u)?)p(t + u)Vpouna (u)du := V*(t + 5) (S.232)
u=0

so that this is now independent of b;. Note that the construction of vpound(u) means that it will

still decay for large w. Under the assumption that the infection times are roughly deterministic so

the second term is zero,

var (Z(t+ s,1)) < Z(t,)V*(t + s) (S.233)

The covariance term can be added in by noting that

/b_o /_O Z D M (t+ s, b)M*(t + 5,0)(f5,.5,(b,c) — f5,(b)f5,(c))dbdc...

i=0 j=0
s/bzo /CZO;;OM*(Hs)QfBi,BJ,(b,c)dbdc (S.234)
SHY / M4 92, (0.6) + (0, (€))dbe (5.235)

< Z(t 1) M*(t + 5)? (S.236)
which gives an overall bound of
var (Z(t+s,1)) < Z(t,)V*(t + 8) + Z(t,1)> M*(t + 5)* (S.237)
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6.3 Special cases

To finish, it is helpful to consider a couple of special cases which may arise when the epidemic is

large. If the infection times are mostly independent, then

i#j= [B;B;(bc)~ fB,(b)fB,(c) (S.238)
while for ¢ = j, note that
/ / (b4 5, )M (¢ + 5,¢) (F5,,5, (b ) — £, (8) fs, () dbdc...
b=0 Jc= 0
/ / “(t4 5, b)M*(t + 5,¢)(0(b— ¢) f, (b) — fB,(b) [, (c))dbdc (S.239)
b=0 Jc=0 ;
n 2
/ ZM* (t+5,0)fp,(b)db = [/M*(Hs,b)f&(b)db] (S.240)
b=0 ;=9 i=0 L/
and hence
n 2
var(Z(t+s,1)) /b OZV* (t45,0) B, (b db+/z M*(t+s,b)%fp, (b)db— ; [/bM*(tJrs,b)fBi(b)db
(S.241)

This is still a complicated equation to compute, although the advantage is that one only needs
one-dimensional marginal distributions of the infection times, and hence it is significantly more

tractable. Moreover, the upper bound on the variance can be improved to
var(Z(t + s,1)) < Z(t,)V(t,1) + Z(t, ) M(t,1)* (S.242)

so that it is proportional to Z(t,1), rather than Z(t,1).

The simplest case is when the infection times are known - something which may be approxi-
mately true if the epidemic is large (and hence has been approximately deterministic in the recent

past). In this case, the equation simply reduces to

n

var(Z(t + s,1)) ~ > _V*(t+s,b;) (S.243)
=0

where b; are the infection times. In this case, the variance can be simply calculated from the

quantities M and V.
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Supplementary Note: 7 Discrete epidemics

7.1 Discrete pgf

Suppose now that the branching process is entirely discrete (and, for convenience, occurs on integer

times). For the lifetime, L, of an individual infected at I, define
g(u,l) =P(L=wu) and G(u,l):=P(L>u) (S.244)

In this discrete setting, it is important to specify exactly inequalities whose strictness is unimpor-
tant in the continuous case. In particular, if an individual is infected at time a and has a lifetime
of b, it will be considered to be infectious at time a + b, and will be counted when calculating
prevalence at this time. That is, it can infect others at time a + b (and these individuals will be
given infection time a + b) but will not be able to infect individuals at time a + b+ 1.

For the counting process of infections, one can in this case work without a separate infection event

process and instead simply use the quantities

qu(t, 1) := IP’(N(t, )= N(t—1,1) = u) and Qi (s) == E<5Q<N>> (S.245)

where Q(t,!) has pmf given by ¢, (¢,1). Hence, each Q(t,1) (which may be zero, unlike Y in the
continuous case) gives the number of new infections at time ¢ caused by an individual that was

infected at time [. Now, note that for u < ¢ — [, one has
E<82<t,z> I_ u) ( Sil S 2, <l+u,l>> (S.246)

where the variables Z;;, are iid copies of Z. Note that the variables Q(I + k,[) are independent as

N(t,1) has indepedent increments, meaning that

E( A0 §

u

) H ( N9+ Zlk(l+u7l+k)> (S.247)

1%[ (l+kl( +u,l+k)> (S.248)

Thus, the generating function equation for prevalence can be written as

t—1

P(t,))=sG(t—1,0) ]| Q(l%,n( (t, 1+ k) ) Zgu H Qs l)< (t, 1+ k)) (S.249)
k=1

46



where

Gt—1L1)=P(L>t-1) (S.250)

The form of the generating function for the discrete case is simpler than the continuous one and

might be more amenable to computation.

7.2 Recovery of the continuous case

Suppose that each step corresponds to a time interval of dt << 1. Suppose further that
Gludt, ldt)dt ~ gy, ~tdt, and [~ ldt (S.251)

where the quantities with a hat are constant. To ensure continuity in probability, it will be assumed
that
Gu(t,D)dt ~ qu(t,1) Yu>1 and qo(t,1) ~1—  dt,(t1) (S.252)

u=1

where again, ¢ is independent of dt. Now, one has
-

Gt —1,1) Zgul ~ Zgul (udt)dt ~ / glu, lydu == GE —1,1) (S.253)

Moreover, one has

Qi) (1 - un dt) +Zs Gu(t,D)dt =1+ Z s — 1)y (&, Dt (S.254)

u=1

Using this relation, setting k := kdt and Taylor expanding gives

log ( ﬁ Ot (5 ) - Zlog (1 n Z = 1)duld + f)dt) (5.255)

t—1l oo
~ YOS (st = Dgull + kD)d (S.256)
k=1u=1
i—] oo o
N/ (5" — 1)u (0 + b, D) di (S.257)
0 u=1

Hence,
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It is now possible to define the limiting continuous process. Consider a counting process N (f, Z)
in continuous time with independent increments where infection events occur according to a rate

function given by
o0
LAEDPAN) (S.259)
u=1
and where, given that a infection event occurs at ¢ from a particle born at [, the infection event is

of size k > 0 with probability

__a) (S.260)
S du(t ) '

Suppose that J (tA7 Z) counts the infection events of this process (and hence is an inhomogeneous
Poisson Process of rate (£, Z)) and that y( i) is the generating function of infection event size given

that a infection event occurs at (£,1). Note that

/H i Gu(l + K, 1)dk = /” r(l+k,1)dk = E(J(£,1)) (S.261)
0 0

u=1
and that
00 . 00 uAuUA_i_I%’lA) 00 .
sUGu (1 + ke, 1) = ( ST (0 + D) (S.262)
7;1 u=1 Zm*l ym(l + k’ ) mZ:1
= Vit () ( > qull+ k1) (S.263)
u=1
= Vi &)+ kD) (S.264)
Hence,
t—1 i A o
H QU4 (8) ~ exp [/ r(U+ kDY g iy (s)dk — E(J (¢, l))] (S.265)
k=1 0

and so, applying this to Supplementary Equation shows that the continuous generating
function equation is recovered. Note that here, the distribution of Y has been allowed to depend
on [ (and this is the generating function equation that arises in this case), but the an equation
with an l-independent Y will arise if the ratio of each g (¢,1) and Y ;- ; qx(t,1) are independent of
l.

48



7.3 Distinctness from the continuous case

It is important to note that the relaxation of the assumption that N is continuous in probability

necessary in considering the discrete case means that the pgf becomes materially different.

Indeed, one can characterise the discrete case through the continuous framework by imposing that

t1) = <7§:1qu(t,l)> (ni_o:l&(l—i—n—t)) (S.266)

as this is gives probability of N increasing (by whatever number) in the discrete case discussed

above. Moreover, again allowing Y to depend on I, Y (¢,1) has distribution

qk(t7 l)

PV =k = =" 07

(S.267)

Now, note that
lt—1] oo

A(t,l):/ (s,0)ds =YY qull+n,1) (S.268)

n=1 u=1

where |m| denotes the largest integer that is smaller than m. Moreover

[t—=1] oo

/ylw( (14 R4 kD) = 3 S+ m )V enny(F(LI+m)  (3.269)

n=1 u=1

We suppose for a contradiction that the pgf in the continuous case is also valid in this discrete

setting. Hence (taking k = 1)

lt—1] oo [t—1] oo
F(t,1) = s(1 — G(t—1,1)) exp [ SN qul+ D)V (Ft14+n) = Y > qu(l+n,0) ]
n=1 u=1 n=1 u=1
t—1 [t—l+u] oo [t—l+u] oo
..+/ exp[ Z qu(l+n,l)y(l+nl( (t, 14+ n)) Z quH—nl} (u,l)du
0 n=1 m=1
(S.270)
Now, note that
$"qm (I 4+ n,l)
Visn S.271
(1m0 (8 szlqlirnl) ( )
1
= —== 8" qm (I +n,1) — q l—i—n,l) S.272
zk_lqkam,w(; (1+m0) = ol + . (s272)

1
BTN (Q(Hnl (1 —qu (1 +n,1)) ) (S.273)
k=1 )
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and hence

[t—l+u] oo [t—l+u] oo

Z Z G (U410, D)V gm0y (F (£, 1+ 1) Z Z gm(l+m,1) (S.274)

—ltu oo
Z <Q(z+nz> (t,l+n))+2qk(l+n,l)> (S.275)

k=1
which means

[t—1] 0o
F(t,1) = s(1 — G(t —1,1)) exp [ > (Q(lw)(F(t,z +n)+ > ar(l+mn, z))] (S.276)
k=1

n=1

o[ (Quatret o s St en)otwna o

n=1 k=1
Finally, defining Q*(s) := e2() and turning the integral over ¢ into a discrete sum, we have

[t—1] Lt—1] [t—I4u)

P(t,0) = s(1-G(t-1,1)) [[ Q" (F(t,14n))ex=im aEmD L N T Q*(F(t, 14n))ei= (Tl g(y, 1)

n=1 u=1 n=1

(S.278)
This matches very closely with the pgf in the discrete case, but has some extra terms as expected
for the contradiction - firstly, the Q* in place of the Q, and also the extra e2i=1% terms. When

taking the small dt limit as in the previous subnote, these anomalies disappear, as
eQ) ~eltedt 1 4 adt ~ Q(s) (5.279)

and

eZiil (Ik(l""n’l) ~ eﬂdt ~ 1 (8280)

for some a and 3. Thus, these dissimilarities only appear in the O(dt?) level (and hence disappear in
the small dt limit). However, they will be non-trivial if d¢ is not small, underlining the importance
of the assumption that IV is continuous in probability - neglecting such an assumption could lead

to materially wrong results in the case of a large step-size.

7.4 Discrete likelihood

If the epidemic happens in discrete time, it is significantly easier to calculate the likelihood. Define

Ap; to be the number of infections caused at time k by a (still infectious) individual that was
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infected at time 4. Then, the number of infections which occur at time k is given by

k—1 y;

Ar(y,d) =Y > AL Ty, <y (S.281)

=0 j=1

where each Ai’i is an independent copy of Ay ; and, similarly to before, x;; is the time at which
the jth individual infected at time ¢ stops being infectious. Note that here, as previously in the

discrete setting but in contrast to the continuous case, y; can be zero.

Then, the likelihood is simply given by
n n Yi
- (TTrawa =) (11 TT o —ini ) (5.282)
k=1 1=17=1
where, as we are in the discrete case, g is now a pmf. This gives a log-likelihood of

Zlog( (Ak(y,d) = yx) > —l—ZZlog g(xij —1,1)) (S.283)

=1 j=1
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