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Abstract

Population growth has declined markedly in almost all major economies. We argue this trend
has important consequences for creative destruction, product concentration, and firm dynam-
ics. We propose a rich model of growth with multi-product firms, and show that lower popu-
lation growth reduces entry and creative destruction, increases product concentration, raises
market power and firm size, and lowers aggregate growth. At the same time, lower popu-
lation growth increases the mass of products available to consumers, making the short-run
welfare impacts ambiguous. In an application to the US, the slowdown in population growth
accounts for a substantial share of the fall in the entry and exit rates, and the increase in prod-
uct concentration and firm size. By contrast, the impact on markups is modest. The effect on
aggregate growth is initially positive, before turning negative thereafter.
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1 Introduction

Almost all major economies have experienced a substantial decline in population and
labor force growth in recent decades.! The left panel of Figure 1 shows the pronounced
downward trend in the US: since the late 1970s, labor force growth has fallen from 3% to
1%. Moreover, according to the BLS, this trend is projected to continue for the foreseeable
future, driven largely by continuing declines in fertility. Global population growth has
also been falling, driven mostly by drastic declines in Asia and Latin America. A world

of low and falling population growth looks like it is here to stay.

In this paper we study the effect of falling population growth on firm dynamics, product
concentration and aggregate economic performance. We do so in the context of a semi-
endogenous growth model with multi-product firms. Our baseline model is an enhanced
version of Klette and Kortum (2004), augmented by the possibility of population growth,
new-variety creation, own-innovation, and a demand elasticity that exceeds unity. The
model is rich enough to rationalize many first-order features of the firm-level data, yet
has an analytic solution that allows us to express the process of firm dynamics and the
aggregate growth rate directly as a function of population growth.

Our theory makes tight predictions for the effects of falling population growth. We first
show that a slow-down in population growth reduces creative destruction and the cre-
ation of new products. The reason is the following. In the long-run, the number of prod-
ucts available to consumers has to grow at the same rate as the population. If that was
not the case, firm profits would either grow without bound or converge to zero, both of
which are inconsistent with free entry. Falling population growth thus goes hand in hand
with a decline in product innovation, reducing both the creation of new varieties and the

rate of creative destruction.

We then show this decline in churning leads to rising product concentration and larger
tirms. In particular, we show that, under standard assumptions, the decline in product
creation and creative destruction is only accommodated through a decline in entry. By
contrast, incumbent firms” innovation policies are, in general equilibrium, independent
of the rate of population growth. This change in the composition of creative destruction

implies that incumbent firms face less competition by entrants, which allows them to

IThroughout the paper, we often speak of population growth and labor-force growth interchangeably.
We take these to be exogenous to market concentration and firm dynamics. Across the developed world,
decreases in fertility in the 1960s and 1970s manifested in slower rates of growth in the labor force in the
1980s and 1990s - see De Silva and Tenreyro (2017).



Figure 1: Labor Force Growth and Product Concentration

(a) Falling Labor Force Growth (b) Rising Product Concentration
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Notes: In the left panel we display historical and projected labor force growth for the US and for several regions across the globe. In
the right panel we display the share of US manufacturing firms with at least two (shown blue, left axis) and at least five (shown in red,
right axis) products, using data from the Census of Manufacturing. The number of product produced is self-reported by firms and
assigned to 10-digit NAICS categories by the US Census. See Section 4.2 below for details.

accumulate more products over their life-cycle. As a consequence, concentration and

firm size rise, entry and exit rates fall and firms get older.

In the right panel of Figure 1 we document this rise of product concentration for the US
manufacturing sector. The share of manufacturing firms producing at least two products,
shown in blue, rose from about 20% in the late 1980s to almost 80% in 2012. Similarly, the
share of firm producing at least five products, shown in red, also more than doubled and
reached more than 10% in 2012. Consistent with our theory, product markets in the US

are increasingly dominated by large, multi-product firms.?

In addition to firm dynamics, our theory also makes clear predictions about the relation-
ship between population growth and per-capita income, both in levels and in growth
rates. As in many aggregate models of semi-endogenous growth, the long-run growth
rate declines as population growth falls. However, we show that an important coun-
tervailing effect makes the relationship between population growth and welfare a priori
ambiguous. By reducing creative destruction, falling population growth increases the
value of incumbent firms, because future profits are discounted at a lower rate. Free en-
try therefore requires an increase in the economy-wide number of products to increase
competition. Note that this rise in the number of products per worker coincides with a
decline in the number of firms per worker, that is, an increase in average firm size, be-

2Below we report the full distribution. We also show these trends are not unique to the manufacturing
sector, but are are present in other sectors.



cause the number of products per firm rises. Because additional varieties raise income
per-capita, the welfare consequences of declining population growth hinge on the rela-
tive importance of these static variety gains relative to the dynamic losses from lower
growth.

These results are robust to a variety of changes in the environment. Most importantly,
we extend our model to a setting where firms compete a la Bertrand and market power
is endogenous. While all our theoretical results above directly generalize to this setting,
declining population growth interacts with firms” ability to charge markups in an inter-
esting way. In our theory, more productive firms post higher markups, and productivity
increases over the firms’ life cycle. Because creative destruction reduces firms’ chances of
survival, it hinders incumbents from accumulating market power. Declining population
growth, by lowering creative destruction, therefore reduces competition and increases
markups. Hence, the trend of rising product concentration shown in Figure 1 goes hand
in hand with large producers being able to sell their products at high markups.

To quantify the strength of this mechanism, we calibrate our model to data for the pop-
ulation of US firms. In addition to targeting standard moments such as the entry rate,
average size, and life-cycle growth, we also link firm-level information on sales to the
US Census. We can therefore explicitly target a measure of the life-cycle of firm-level
markups for a majority of firms in the US. Exploiting information on the evolution of
both markups and size at the firm-level allows us to separately identify own-innovation

and variety creation at the firm-level.

With the calibrated model in hand, we ask a simple question: what are the implications
of the decline in the rate of labor-force growth since 1980 shown in Figure 1? Our theory
is tractable enough that we can solve for the transitional dynamics induced by this path,
treating the projections of the BLS as the rational expectations of the agents in our theory.
We find this decline has quantitatively large effects. Our model can explain a substantial
share of the decline in the entry and exit rate, the increase in average firm size, and the
degree of concentration. However, markups change little; our calibrated model implies
markups increase by around 1%. The effect on income growth is more subtle. Whereas
growth will inevitably decline in the long-run, the static effect of variety creation increases
income growth for about one decade during the transition. However, the overall welfare

consequences of falling population growth are negative.

Related Literature. We are not the first to connect the decline in population growth to
changes in firm dynamics. Karahan et al. (2019) and Hathaway and Litan (2014) use



geographic variation to provide direct empirical support that a lower rate of population
growth reduces the start-up rate. Karahan et al. (2019) and Hopenhayn et al. (2018) study
the relationship between population growth and firm dynamics in a neoclassical model,
where firm productivity is exogenous and changes in demographics can only affect the
incentives of entering firms. By contrast, our theory builds on models with endogenous
firm dynamics, where population growth affects innovation incentives by both entrants
and incumbents, and has novel implications for creative destruction, market power, and

aggregate productivity growth.

Our theory builds on Schumpeterian models in the tradition of Aghion and Howitt (1992)
and Klette and Kortum (2004). We augment these models by allowing for efficiency im-
provements of existing firms as in Atkeson and Burstein (2010), Luttmer (2007), Akcigit
and Kerr (2018), or Cao et al. (2017), the creation of new varieties as in Young (1998), and
endogenous markups as in Peters (2020) or Acemoglu and Akcigit (2012). Our model is
thus akin to a version of Garcia-Macia et al. (2019) or Klenow and Li (2021), featuring both
endogenous markups and endogenous innovation choices, and incorporating changes in
the long-run growth in the labor force. To the best of our knowledge, our paper is the first
that focuses squarely on how demographic changes affect creative destruction, aggregate
growth, and the firm-size distribution in the context of firm-based models of growth.3

The relationship between economic growth and population growth has been been subject
to an extensive literature. Many models of endogenous growth feature “strong scale ef-
fects” whereby economic growth depends on the population level. By contrast, models of
semi-endogenous growth are characterized by “weak scale effects” and imply economic
growth is determined by population growth.* In our model, growth is tied to the micro
process of firm dynamics. This link puts tight restrictions on the relationship between
economic growth and population growth. If growth depends on the level of the popu-
lation, so does the firm size distribution. By contrast, if economic growth depends on
population growth, the firm size distribution is also independent of the size of work-
force and only a function of its growth rate. In order for the firm size distribution to be
stationary in the presence of a growing population, growth thus (generically) needs to be
semi-endogenous.”> Moreover, the relationship between economic growth and population

3Engbom (2017) studies the implications of population aging in the context of a search model.

4Classic examples of the former are Aghion and Howitt (1992), Romer (1990), Klette and Kortum (2004)
or Grossman and Helpman (1991). Examples of the latter are Jones (1995), Kortum (1997), Young (1998),
or Peretto (1998). See Jones (2021) for a recent survey and Atkeson et al. (2018) for a discussion of the
quantitative importance of this distinction.

>In our model, population growth is not the only determinant of the equilibrium growth rate, and our
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growth is governed by parameters that we can discipline with firm-level data.

In our quantitative application, we focus on the case of the US. A growing literature high-
lights the decline of dynamism in the US. This literature, which is summarized in Akcigit
and Ates (2019a), shows that the entry rate has fallen substantially (Alon et al., 2018;
Decker et al., 2014; Karahan et al., 2019), that broad measures of reallocation have de-
clined (Haltiwanger et al., 2015), that industries are becoming more concentrated (Kehrig
and Vincent, 2017; Autor et al., 2020), and that markups and profits are rising (Edmond
etal., 2018; De Loecker et al., 2020; Van Vlokhoven, 2021). In terms of explanations, the lit-
erature has proposed improvements in IT technology (Aghion et al. (2019); Lashkari et al.
(2019)), a rise in the use of intangible capital (De Ridder (2019)), or changes in the process
of knowledge diffusion (Akcigit and Ates (2019b), Olmstead-Rumsey (2020)). Our pa-
per is complementary to these studies by highlighting that all these phenomena occurred
within an environment of declining population growth and are key implications of the
theory we propose. Falling population growth might therefore be an important secular

determinant of firm-dynamics and aggregate growth in the decades to come.

2 The Baseline Model

Time is continuous and there is a mass L; of identical individuals, each supplying one
unit of labor inelastically. The rate of population growth Li/L; = ¢, which we take as
exogenous, is the crucial parameter of this paper. Households have preferences over a
final consumption good ¢; given by U = [;° e~ =t In (c;) dt.

The final consumption good is composed of a continuum of differentiated varieties, that
(as in Klette and Kortum (2004)) may be produced by multiple firms:

y o\
Yt - / 2 yfit di .
0 feSi

Here, N is the mass of available products indexed by i. This mass evolves endogenously
through the creation of new and the destruction of old products. S;; denotes the set of
firms with the knowledge to produce product i, which likewise evolves endogenously.

Firms can be active in multiple product markets. Each firm f is characterized by the set
of products it produces, denoted by ®, and the efficiency of producing these products,

economy features growth even in the presence of a stable population.
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indexed by {4fi}ico o We denote the number of products firm f produces by ns. Pro-
duction of each good uses only labor, and is given by yr; = gy;ls;, where gy; denotes the
efficiency of firm f in producing product i.

Because the output of firms producing the same product is perfectly substitutable, each
product is only produced by the most efficient firm. Suppose to begin with that the pro-
ducing firm charges a constant markup over marginal cost u = -%7.° Aggregate output

Y; and equilibrium wages w; are thus given by
1
Y; = QNS 'LY and  wy = u Y /LE, (1)

is a measure of average efficiency, F; is the endoge-

1/(c-1)
where Q; = (f g7 'dF, (q))

nous distribution of product efficiency, and L? is the total amount of labor devoted to the
production of goods. Equilibrium profits per product are given by

g\ Lf
T = (u— — —W. 2
@=0-1(L) Fu ®
Hence, profits are high if the product’s efficiency g is large relative to average efficiency
Q: and if average employment per product, LF' /N, is large.

2.1 Product Innovation, Entry and Aggregate Growth

Suppose first that entry is the sole source of creative destruction and product creation.
Potential entrants have access to a linear entry technology, where each worker generates
a flow of g new products. Conditional on successfully creating a new product, this
product can either be a new variety, or it can improve upon an existing product from
another firm. After entry, as in Atkeson and Burstein (2010) or Luttmer (2007), the firm’s
efficiency g grows at an exogenous own-innovation rate I, that is, 4;; = Ig;.” We also
assume that product lines die at an exogenous rate . Doing so helps ensure stationarity

at low or negatives levels of population growth, but is otherwise inconsequential.

In the baseline we assume product creation is “undirected”. With probability «, the new

product represents a technological advance over a (randomly selected) existing product,

®This can be the case if firms have to pay an infinitesimal sunk cost before producing, as less productive
firms will not enter (see Garcia-Macia et al. (2019)).

"For simplicity, we start by assuming I is exogenous and constant over time. In Section 2.6, we show
how to endogenize this rate and how it depends on population growth.
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increases the efficiency by a factor A > 1, and forces the current producer to exit (“creative
destruction”). With the complementary probability 1 — &, the product will be new to
society as a whole, and the mass of available products N; grows (“variety creation”).
The efficiency of new varieties is given by q’ = wQ;, where w is drawn from a fixed
distribution I'(w). Hence, as in Buera and Oberfield (2020), the efficiency of new varieties
is determined both by the existing knowledge embedded in Q; and by novel ideas. It is
useful to definew = ([ w’1dT (w)) 1/(071), which we also refer to as the mean efficiency
of new products.

Let Z; denote the aggregate flow of entry and z; = Z;/ N; the entry intensity per product.

The rates of variety creation v; and creative destruction 7; are then given by
vp=(1—-a)zy and T = az. 3)

Creative destruction T and variety creation v both depend on the entry intensity z and are
thus closely linked. Our formulation of undirected innovation makes this link particu-
larly stark. However, as we show in Section 2.6, the optimal level of creative destruction
and variety creation positively co-move even in a more general setting where « is a choice
variable.

Given v; and T;, we can compute the aggegate growth rate. The variety growth rate is
simply the net rate of product creation

N 1
N = —t = — = —
g = N, v —0 1= (xzt 0. 4)
Similarly, the efficiency growth rate is given by
0_ Qg1 1 Ne
= 2 = @@ q — o— _ —0— (%
gr = o 1 at I, where 7 ((x)\ +(1-—wa)w ) . (5)

Average efficiency grows for two reasons. The first term is related to product creation and
hence the entry rate z;. The average efficiency gain of a new product, g, is a CES-weighted
average of the efficiency improvement of creative destruction A and the relative efficiency
of new varieties w. Because A > 1, creative destruction is always a source of efficiency
growth. Whether the creation of new varieties raises or lowers efficiency growth depends

on their initial efficiency w. If new products are, on average, as productive as existing



products, that is, w = 1, the growth rate of average efficiency is independent of v.8 If,
by contrast, new products are, on average, worse (w < 1), faster product creation has a
negative effect on efficiency growth. Average efficiency thus increases in z; as long as «
and w are sufficiently large. The second term in (4) captures the vertical component of
life-cycle productivity growth I, which raises firm productivity and also translates into
aggregate efficiency growth g®.

1
Using (4) and (5), the overall growth of labor productivity Y;/ Lf = Q:N/ ', which we
denote by g7, depends on both efficiency growth and variety growth:

—r—1
y _ 0, 1 N_§ —« 6
8 = &t 8% T, 2+l o—1

Note that aggregate productivity growth is always increasing in the rate of product cre-
ation z;, because ﬁ"fl > n even if even if w < 1 (recall that A > 1 and w > 0). Intuitively,
even if efficiency growth is decreasing in z;, overall productivity growth increases once
the variety gains are taken into account. Holding z; constant, a higher rate of obsolescence

6 reduces growth though the loss of varieties.

Optimal Entry and the Value Function. To solve for the equilibrium rate of entry, let
Vi (q) denote the value of producing a product with efficiency g at time ¢. This value
function solves the HJB equation:

rVi(q) — Vi (q) = (q)+aV5;q)1q— (7 +6) Vi (q). (6)

The value V; (g) is increasing in the current flow profits 7 (g) and the rate of efficiency
growth Ig, and decreasing in the risk of exit, which happens at the endogenous rate of

creative destruction 7; and the exogenous rate of obsolescence 4.

Given V; (g), we can compute the expected value of creating a new product. With prob-
ability «, the new entrant improves over a randomly selected product with efficiency ¢/,
and creatively destroys the current producer. This yields the value V; (Ag’). With the com-
plimentary probability, a new variety with quality wQ; and the associated value V; (wQy)
is created. Integrating over the existing distribution F; (¢') and the exogenous distribution

of the efficiency of new varieties I' (w) yields the value of creating a new product

VPe = zx/Vt (Aq)dF (q') + (1 — oc)/Vt (wQp) dl (w). )

8Note that g9 =-1; [(/\‘7’1 -n+ (w‘fﬁl — 1) vt}. Substituting (3) yields (5).
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To make progress, note that profits are homogeneous in g¢° ! and so is the value function
Vi (7). This implies that the product creation value in (7) is given by V¢ = V; (Q;),
where 7 is given in (5). Hence, V/C is simply the value of a product with “average”

quality gQ;. The free entry condition thus reads

[4%;

oF - tPC - ‘/t (ﬁQt) ’ (8)

and hence requires V; (§Q;) to be tied to the equilibrium wage. Using (8), we can solve for
Vi (q) explicitly, both off and on the balanced growth path. As we show in Section A-1.1.3
in the Appendix, the solution to the differential equation in (6), V; (g), is given by

7 (9)
Vi(q) = : )
1) rt+Tt+(5+(a—1)<g?—1)—gwt

The value of a firm is the present discounted value of profits, where the appropriate dis-
count rate reflects four distinct considerations: the interest rate (r;), the risk of firm death
(t¢ + 6), the fact that a higher growth rate of average efficiency reduces the firms’ rela-
tive competitiveness ((0’ -1) (g? —1 > > , and the rate of wage growth (gy). Note that a
higher growth of wages reduces the effective discount rate (and hence increases V; (7)),
because free entry ties the growth rate of wages to the growth of the value function. Faster

wage growth is thus associated with capital gains.

2.2 Equilibrium

To characterize the equilibrium, define the two aggregate statistics .4f = N;/L; and ¢ =
LP/L;. We refer to the mass of products per capita .4 as the economy’s variety intensity
and to the share of working employed in production ¢ as the production share. These two
aggregate statistics are sufficient to characterize the entire equilibrium path.

To determine this path, note first that labor market clearing requires that L; = LI +

Nt#zt. Using that z; = ﬁvt, this can be written as

11— 1y
N epl—a’

(10)

Holding the variety intensity .#; constant, a higher production share ¢ reduces the cre-

ation of new varieties v;, as fewer resources are allocated toward research. Similarly,



holding the allocation of workers constant, a higher variety intensity reduces the number
of researchers per product and hence the rate of new variety creation. Equation (10) is the
tirst key equation to characterize the equilibrium.

The second key equation is the free-entry condition. Substituting the solution for V; in (9)
into the free entry condition (8), and using the consumer Euler equation gy = 1t — p, the
expressions for 7; and ¢ given in (3) and (5) and the fact that g% = ¢V — gﬂp (see (1)), free
entry requires that

1 Vi(GQr) _ (n-1)g"" a

—r—1 7
e @ s (o) ut g M

(11)

Now recall that .4;/.4 = v — 8 — . Substituting for v; shows that (10) and (11) are
two differential equations in {4, ¢} },. Together with the initial condition .#) and the
transversality condition, they fully determine the equilibrium path.’

The Balanced Growth Path. Consider first a BGP where the interest rate and the economy-
wide growth rate are constant. This implies both variety creation v and creative destruc-
tion T are constant, and the population grows at a constant rate. Equations (10) and (11)
then require that .#; and ¢! are constant. This has the important implication that the mass
of varieties N; has to grow at the rate of population growth:

ﬂ:gN:Vt—éz(l—lX)Z—d. (12)

The aggregate quantity of product creation is thus directly tied to the growth rate of the
labor force #. This link between population and product growth is a consequence of the
free entry condition. If the number of products was growing faster than the population,
profits per product would be declining. Eventually, entry would stop as the equilibrium
wage would exceed the value of product creation. Conversely, if population growth was
higher than the rate of new product creation, flow profits would perpetually rise. The free
entry condition would then require a steady increase in the rate at which future profits are

discounted. This, however, would eventually violate the economy’s resource constraint.

With equation (12) at hand, we can analytically characterize the allocations along the BGP
as a function of population growth:

Proposition 1. On a BGP, the following holds:

9See Section A-1.1.4 in the Appendix, where we derive this system of differential equations.
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1. The rates of variety creation v, creative destruction T, and entry z are given by

v=n+9o T = %(1%%(5) z:zjj (13)
2. Aggregate productivity growth g¥ is given by
7 t-11 1
g = T+, (14)
where g” 1 = A"t 4+ (1 — &) @ (see (5)).
3. The production share (¥ and the variety intensity A are given by
—o— | 1

PR +¢(Ey(;:"_1 . i - gy M pp: ;: ((:q"‘l_—((ll_—“v?)))ai: -
Proof. See Section A-1.1.2 in the Appendix. O

Proposition 1 contains three key theoretical results. First, a decline in population growth
reduces variety creation, creative destruction and entry. In particular, because each firm
only produces a single product, the entry rate £ is trivially given by £ = z and hence
declines as population growth falls.

Second, aggregate growth ¢, depends directly on the rate of population growth 7. First,
population growth determines variety creation (%17). Second, population growth also
affects creative destruction T and hence the rate of efficiency growth ¢€. Although the
effect of population growth on variety growth is always positive, its effect on efficiency
growth depends on the average efficiency of newly created products w and the increment
of creative destruction A. The overall effect on income growth, however, is unambiguous.
Upon substituting the expression for T in (13), the change in income growth with respect
to population growth is given by
dg’ 7

- -a "

Hence, as is typical in models of semi-endogenous growth, falling population growth
reduces long-run income growth. Note that the relationship between population growth
and income growth is determined by «, c and 7, and hence governed by parameters that,
as we show below, can be disciplined from firm-level data. For example, Jones (2021) or

11



Bloom et al. (2020) show that g¥ = %17, where B parametrizes the extent to which ideas are
getting harder to find. Hence, as far as the relatlonshl];) between income and population

7’
growth is concerned, our model implies that B = (o-T- a)

Equation (14) also highlights that growth is not bound to be zero if population growth
is zero. First, the “vertical dimension” of life-cycle growth I is a source of aggregate
efficiency growth. Second, even if 7 = 0, T and v are positive to replace products that
become obsolete. If 771 > 1, such newly created products are (on average) better then
exiting products. This form of selection is an additional force pushing for growth to be
positive even if the population.is stable.

Third, the level of varieties relative to the population, .#", and the share of workers al-
located to research, /%, are also functions of population growth 7, which enters through
the rate of creative destruction.. As seen in equation (15), a decline in population growth
(and hence creative destruction) increases the variety intensity .4 if ug” ! > 1 — «, that
is if A, &, u and w are sufficiently large. To understand the role of this condition, note
that 7+ (0 — 1) (§g — I) appears in the equilibrium discount rate of corporate profits
(see (11)). On the one hand, lower population growth reduces creative destruction 7.This
channel increases the value of entry because firms live longer and profits are discounted
at a lower rate. On the other hand, lower population growth could increase average effi-
ciency growth g if the average efficiency of new products 7! is sufficiently low. This
channel would lower the value of entry because firms face more competition during their
life-time. As long as 4" ~! > 1 — a (which is the case for our estimated parameters), the
creative-destruction effect dominates the efficiency-growth effect, and falling population
growth increases the value of entry through a lower rate of discounting. Free entry there-
fore requires the level of flow profits to go down, which is achieved through an increase
in the number of varieties per capita .#". This increase in the variety intensity is a static

countervailing force to the negative growth implications of falling population growth.

Finally, (14) and (15) highlight that our model features weak scale effects: the population
size L and the cost of entry ¢ do not affect the growth rate, but only the mass of varieties
N:. Hence, changes in the scale of the economy or the efficiency of product creation have
level effect, not growth effects.

Transitional Dynamics. Equations (10) and (11) not only describe the BGP, but the entire
equilibrium path. We can characterize this path with a phase diagram depicted in the left
panel of Figure 2. The downward sloping schedule shown in orange depicts the locus of a

stable variety intensity (g 4 = 0). This locus follows from the resource constraint: if £} is
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Figure 2: Equilibrium path of {Kf , N }

(a) Phase diagram (b) Dynamics after a fall in population growth

28y P A

. Declining population
A d growth: T
gr=0 & N

N N

Note: The left panel shows the phase diagram for the equilibrium path of (¢,.#). The right panel shows the response to a fall in
population growth.

too high (low), there is too little (much) production creation and the variety intensity falls
(rises). The upward sloping schedule shown in blue represents the locus of a constant
production share (g,, = 0) and summarizes the free entry condition. If the variety in-
tensity is too high (low), there is little creative destruction and the production share, and
with it flow profits, has to fall (rise) to satisfy free entry. Hence, there is a unique stable

arm (shown in red), that takes the economy to the BGP characterized in Proposition 1.

This phase diagram is not only useful to establish the stability and uniqueness of the
equilibrium path, but also to analyze the impact of a fall in population growth. This
experiment is shown in the right panel of Figure 2. A fall in population growth rotates
the orange locus to the right: for a given variety intensity there are too many workers
employed in the research sector, given that the entry rate has to fall eventually.!’ Hence,
on impact, the production share ¢ jumps up. During the transition there is a continual
rise in the variety intensity and a reallocation of workers out of the research sector. This
initial rise in the production of goods and the increase in the number of products per

capita constitute a source of welfare gains, especially in the short-run.

10Tn Section A-1.1.4 in the Appendix we show that we can express the free entry condition shown in blue
without reference to #.
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2.3 Product Creation by Incumbent Firms

So far, we assumed that entrants are the sole source of product creation. We now extend
our model to also allow incumbents to engage in these activities. Doing so is crucial to
understand the link between population growth and firm-dynamics. Note that in ab-
sence of incumbent innovation, firms only produce a single product and exit at rate T +
irrespective of their size and age. Both of these predictions are, of course, empirically
counterfactual. By allowing for product creation by incumbent firms, we capture the fact
that firms, on average, grow as they age and that exit rates are declining in size and age.!!
Crucially, we show that falling population growth increases firms’ life-cycle growth and
raises product concentration (as documented in Figure 1). At the same time, we also show
that the aggregate implications of population growth contained in Proposition 1 survive
entirely unchanged.

Suppose that, in addition to the vertical dimension of efficiency growth I, firms can also
grow horizontally by adding new products to their portfolio. Following Klette and Ko-
rtum (2004), we assume that firms choose the Poisson rate X with which they expand
into new product lines. Such expansion activities are costly, and we denote these costs (in
units of labor) as

1 1
X (X,n) = —Xn1"¢ = —xn, (16)

Px Px

where { > 1, n denotes the number of products the firm is currently producing and
x = X/nis the firms’ innovation intensity. Conditional on successfully creating a product
innovation, we treat incumbents entirely symmetrically to entrants, that is, a fraction a of
new ideas improve upon an existing product and a fraction 1 — « yields a new variety,
whose average efficiency is wQ;. Letting x; = N% [ xj1di denote the average expansion
intensity by incumbent firms, the aggregate amounts of variety creation v and creative
destruction T are given by

vi=(1—a)(zt+x) and T =a(z+x4), (17)

and thus reflect the activities of both entrants and incumbents.

Allowing for active innovative behavior by incumbent firms naturally changes the value

111 product creation is only due to entrants, firm growth tends to be negative. Note that employment
is proportional to (q/Q)° ! and thus grows at rate (¢ — 1) (I — gg) = — (ﬁ”’l — 1) z. Hence, in the em-

pirically relevant case, where product innovation contributes positively to average efficiency growth, that
is g1 > 1, average employment declines conditional on survival.
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function. Because firms can now produce multiple products, let {4y }ico , be the state

variables at the firm-level and V; ({q fitico f> be the corresponding value function. As we
show in Section A-1.1 in the Appendix, this value function is additively separable across
products, i.e. V; ({q fitico f> = Z:Z 1 Vi (9:), and the product-level value function V; (q)
solves the HJB equation

Vi (q)

; pc_ X°w
rVi(g) = Vi(q) = 7 (q) + =5 71 = (m A+ 0) Vi () +maxq xVim === ¢, (18)
X

where the value of production creation VtP C is still given in (7).

Compared to the value function in the entry-only model (6), the possibility of expanding
horizontally carries an option value, which is determined by the endogenous creation
value V¢ and the expansion costs %xé w;. However, the solution to (18) is again very
similar to the case without incumbent innovation. In particular, V; is still homogenous in
q°~1, so that V¢ = V; (3Q).

Proposition 2. The optimal rate of product innovation x is given by
Vi (GQ0)\ 7T [(1gp\TT
x = (& t (th)> — (_&) , (19)
¢ w G ¢E

where Vi (q;) is defined in (18). On a BGP, V; (q) is given by

7 (q) 1 (-1,
Vi = X°Wt . 20
H@) g+r+5+(a—1)(gQ—I) PHT+I ¢« ' 20)
Produc;ign value Innova%n value
Proof. See Section A-1.1 in the Appendix. O

Proposition 2 contains two important results. First, (19) shows that the equilibrium rate
of incumbent product innovation x is constant and a function of technological parameters
only. It is independent of any general equilibrium variables and, in particular, does not
depend on the rate of population growth 7. The reason is that the free entry condition in
(7) still applies, which ties the ex-ante value of product innovation V; (§Q;) to the entry
costs #wt. Economically, it follows from the fact that incumbents” innovation technology
has decreasing returns at the firm level, whereas entry, which operates at the aggregate

12

level, has constant returns.’”~ Hence, the free-entry condition pins down the value of

12Note that incumbent product creation also has constant returns in the aggregate: if the number of firms
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product creation, and incumbent firms optimally choose the rate of product creation to
equalize the marginal cost and the marginal benefits. This also implies that equation (19)
holds both on and off the BGP and relies only on the free-entry condition to be binding.

Second, along a BGP, the value function V; (¢) has an explicit solution. It is the sum of the
net present value of flow profits (the “production value”) and the option value of product
innovation (the “innovation value”). The production value is exactly the same as in the
entry-only model. The innovation value is, of course, absent in the entry-only model.
If incumbent innovation gets prohibitively expensive, i.e. ¢, — 0, the solution in (20)
coincides with (9).

With the results of Proposition 2 in hand, it is also immediate that most results of Propo-
sition 1 apply without any change in the presence of incumbent product creation. Im-
portantly, however, the composition of creative destruction and variety creation between

entrants and incumbents is now endogenous and depends on population growth.

Proposition 3. Consider the model with product creation by incumbent firms. Then,

1. The expressions for creative destruction T, variety creation v and aggregate growth gV are
exactly the same as in the “entry-only” model characterized in Proposition 1;

2. The rates of entry z and incumbent product creation x are given by

1
1q)x>€—1 n+o
x=|(=1= and z = — x. 21
<€(PE @1)

Proof. See Section A-1.1.6 in the Appendix. There we also derive the equilibrium condi-
tions for .#" and ¢, which are very similar to (15). O

Proposition 3 highlights a key theoretical result of our analysis: allowing for product
innovation by incumbents does not change any aggregate outcomes but only makes the
composition of product creation and creative destruction endogenous. Crucially, because
x is independent of population growth, the entirety of the decline in population growth
is absorbed by the economy’s extensive margin: Entrants do all the work and incumbents
are insulated from demographics. This implies that the share of creative destruction and

were to double, the amount of product creation performed by incumbents would also double. In Section
2.6 below, we generalize our results to the case in which the entry process has decreasing returns in the
aggregate. In that case, x is also affected by population growth.
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variety creation due to incumbents, sy, is given by (see (17) and (21))

(1-a)x ax 11—« _1—&(1%)61—1. 22)

T T Ty T 1o\l

Naturally, incumbents’ share of innovative activity is increasing in their relative efficiency
¢x/ @e. More importantly, it is declining in population growth 7. This compositional
change, whereby falling population growth increases incumbent innovation relative to
entrants is a key aspect of how population growth changes the process of firm dynamics
and the firm-size distribution - see Section 2.4 below.

One key implication of our theory is that scale effects are absent for both the rate of growth
and the equilibrium size distribution: along a BGP, the employment distribution is sta-
tionary and fully determined from the entry flow z, the rate of product innovation by
incumbents x, and the rate of own-innovation I, all of which are independent of the level
of the population L;.!3 This symmetry for the role of scale effects is not a coincidence. The
standard model of Klette and Kortum (2004) features strong scale effects and implies that
the firm size distribution depends on the size the population.!* By contrast, our model
implies that differences in the level of the population affect the mass of varieties N;, leav-
ing the process of firm-dynamics and aggregate growth unchanged. In that sense, our
model is akin to Young (1998), augmented with a full endogenous process of firm dy-
namics. Population growth is therefore consistent with a BGP and a stationary firm size
distribution. Given that empirically the distribution of firm size is reasonably stable when
compared to the large changes in the size of the population, firm-based models of growth

point towards a world of semi-endogenous growth.

2.4 Population Growth and Firm Dynamics

To see how population growth affects the process of firm dynamics, recall that firms gain
products at rate x and lose products at rate T 4+ . Then define the net rate of product

13This result does not hinge on taking I to be exogenous. In Section 2.6 we treat I as endogenous and
show that it is independent of level of the population.

14The Klette and Kortum (2004) model is nested in our framework. It is a parametrization where the
population is constant (i.e. # = 0), there is no own-innovation (i.e. I = 0) and the mass of varieties is
exogenous (i.e. « = 1 and § = 0). Incumbents’ innovation efforts are still constant and given by (19). The

ATl

rate of entry is given by z = T — x and efficiency grows at rate g9 = 7 7. Creative destruction T and

the production share ¢” are then determined from the free entry condition and the resource constraint. It is
easy to show that an increase in L increases z and hence 7. A larger population thus increases growth and
creative destruction and reduces firm size.
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accumulation ¥ = x — (7 + ) . Using (13) to express T in terms of the rate of population

growth 7 yields = x — “1’7:;5: a decline in population growth increases the net rate of

product accumulation, because firms face less of a threat of creative destruction.

Let S (a) denote the share of firms that survive until age a, and 7 () the average number

of products of a firm of age 4, i.e. the firm’s “product life cycle”. As we show in Section
A-1.1.8 in the Appendix, S (a) and 7 (a) are given by

et
y—x (1)

S(a) = and 7(a)=1- % (1—e). (23)
In Figure 3, we display S () and 7 (a) graphically. Naturally, S (a) is declining and sat-
isfies lim,; .00 S (2) = 0, because all firms exit eventually. Similarly, 7 (a) is increasing
because surviving firms are selected on having had many successful product innovations
and little creative destruction. More importantly, lower population growth increases firms’
survival rates and raises the life-cycle profile of product growth. Hence, falling population
growth increases the concentration of the product space in two ways. First, because lower
population growth reduces creative destruction, it increases firms’ chances of survival.
As a consequence the age distribution shifts to the right. This increases concentration
because older firms are larger. Second, as highlighted by the shift in the 7 (a) schedule,
lower population growth also increases firm size conditional on age because, in line with
the pattern shown in Figure 1, firms accumulate more products as they age. Both of these

mechanisms push towards rising concentration and larger firms.

To see this link between population growth and product concentration formally, in Sec-
tion A-1.1.8 in the Appendix we formally characterize the product distribution. In partic-
ular, using the results of Luttmer (2011) and Cao et al. (2017), we show that, as as long as
7 > ¢ > 0, the distribution of the number of products 7 has a Pareto tail ¢,,, which is
given by
1—a
On = % T x(1 E ) —)(5;7— an’ @4

Hence, the tail of the product distribution is a closed-form expression of the rate of popu-

lation growth 1, and a decline in population growth reduces ¢, and increases concentra-

tion.

Equation (24) highlights that population growth affects the product distribution through
two channels. Holding firms’ net expansion rate i constant, lower population growth
increases concentration because it reduces the rate at which new firms, which are, on av-

erage, small, enter. In addition, lower population growth endogenously increases the net
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Figure 3: Falling Population Growth and Rising Concentration

(a) Firm Survival (b) Size by Age
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Note: The figure shows the relationship between population growth 5 and firms’ survival probabilities S (a) in the left panel and the
relationship between population growth 7 and the average number of products 7 () in the right panel.

accumulation rate ¢ and concentration. Interestingly, this increase in product concentra-
tion goes hand in hand with an increase in the number of varieties per person .4 = N;/L;:
even though population growth reduces the number of firms per worker, it increases the
number of products per worker because each existing firm offers a larger product portfo-
lio. Hence, higher concentration at the firm-level can coexist with an expansion of product

variety.

Even though population growth affects the tail of the product distribution, it might not
affect the tail of the employment distribution. Recall that firm-level employment is given

by
ny -1 P ny -1 P
v (4 Li _ (4 L
=1 (Qt) N T L (Qt) vz 25

i=1 i=1
that is, the firm-size distribution depends on the distribution of both the number of prod-
ucts n and of scaled efficiency q/Q. The tail of the employment distribution is thus given
by 0; = min {Qn/ ﬁgq }, where g, is the tail of the product distribution given in (24) and
04 is the tail of the scaled efficiency distribution. Intuitively, firms can be large in two
ways: by having many products, or by having an extraordinarily good product.

As we show in Section A-1.1.8 in the Appendix, the distribution of relative efficiency also
has a Pareto tail and the tail parameter ¢, depends on A, &, ¢, and g and is implicitly
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defined by:

=r—1
Qq (%) = -1 +0€)\Qq. (26)

Crucially, and in stark contrast to (24), the tail of the efficiency distribution ¢, is indepen-
dent of population growth 7. Even though declining population growth always increases
concentration, whether this increase also shows up in the tail of the size distribution de-
pends on the comparison of ¢, and ¢,. If 04 < g4, the product distribution is the dominat-
ing force and lower population growth increases the thickness of the tail of the employ-
ment distribution. If ¢, > gy, the tail of the employment distribution is determined from
the distribution of relative efficiency and independent of the rate of population growth.

Which of these cases prevails is a quantitative question.

2.5 The Mechanism: Demand or Supply?

Falling population growth impacts the economy both through a decline in labor supply
and via aggregate demand. It is thus natural to ask whether the resulting changes in firm
dynamics and aggregate growth contained in Propositions 1 and 3 reflect supply, demand
or both.

To distinguish the supply and demand channel, suppose there is a second sector that has
access to a production technology Y; = A;H;, where H; denotes the number of workers
in sector 2 and A; grows at an exogenous rate ¢“. The mass of sector-2-workers H; grows
at rate 7" and they can only provide labor to sector 2. All individuals have identical
intra-temporal Cobb Douglas preferences c¢; = c’ftcéfﬁ, and spend a share @ on goods
of sector 1. This setup, which can be also be thought of as an open economy extension
where sector 2 is a foreign country, allows us to independently vary aggregate demand
and labor supply. Changes in population growth of sector-1-workers, 7, still have supply
and demand effects. By contrast, population growth of sector-2-workers, 77, has no effect

on labor supply in sector 1.

In Section SM-2 in the Supplementary Material we characterize this model in detail and
derive the analogue of Propositions 1 and 3 in this more general environment. First, we
show that creative destruction 7, variety creationv, entry z, and incumbent innovation x
are exactly the same as in our baseline economy. Hence, neither g nor 7 have any effect

on these outcomes and, as a a consequence, on the resulting firm-size distribution.
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By contrast, real consumption growth of workers in sector 1 is now

1
gc=ﬂ<gg+mgN) +(1-9) (gt +n"—7),

that is, an increase in g# or 4 raises consumption growth through cheaper relative
prices. These results highlight that the relationship between population growth, firm-
dynamics and local productivity growth is a supply side phenomenon. However, domes-
tic consumers can be somewhat shielded from falling local population growth by global
productivity or population growth.

2.6 Discussion of Assumptions

Three assumptions made our theory particularly tractable. First, we assumed a linear
entry technology. Second, product creation was undirected: a constant share « of product
innovation results in creative destruction rather than new-variety creation. Third, we
took the rate of own-innovation I to be exogenous. In this section, we show that our main
results do not hinge on these modeling choices - see Section A-1.2 in the Appendix for
details.

Decreasing Returns in the Entry Technology. Assume the productivity of entrant labor
hired to produce new ideas is given by ¢f (z:) = ¢z, . Here, z; is the aggregate entry
rate that each entrant takes as given. For x = 0, this specification yields the constant-
returns case analyzed above. For xy > 0, the cost of entry rises with the aggregate entry

rate. Free entry requires that V; (§Q;) = ——w; = +-z}w;. Hence, the aggregate entry

PE(2t) PE

supply curve is increasing with an elasticity 1/ x.

Propositions 1 and 3 extend to this case in a straightforward case. Along a BGP, the rate
of variety growth is still tied to the rate of population growth, i.e. v = 1 + 6. This directly
implies that the rate of creative destruction T and the aggregate growth rate g¥ are exactly
the same as in Propositions 1 and 3. By contrast, the composition of product innovation
depends on the strength of congestion . As we show in Section A-1.2 in the Appendix, z
and x are then determined from

1

-1
17+5:z+x and x:((P~x) 12%.
11—« (PE

Comparing this expression with (21) in Proposition 3 highlights that the entry elasticity
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X determines how entry and incumbent innovation co-move. As long as { —1 > y,
incumbents’ innovation share x/ (z + x) is declining in 7 as in (22) and all our qualitative
results apply. Below we show that the canonical free entry specification y = 0 provides a
good quantitative fit to the data.

Endogenizing the Direction of Innovation «. Our second assumption concerns the direc-
tion of innovation a. In Section A-1.2 in the Appendix, we present a detailed analysis of
an extension of our model, where entrants and incumbents can directly choose the flow
rate at which they want to creatively destroy products (xcp and z¢p) and at which they
want to create new varieties (xny and zyvy).

This extension of our model is still very tractable. First, the value function takes a similar
form to (20) in Proposition 2. Second, letting ¢ and ¢cp denote the relative costs of new

variety creation and creative destruction, the optimal rates of incumbent innovation are

 (on Vi (@Qp)\TT (e Ve (AQi)\ T
= (FEGE) T e = (FEGR) )

Third, because entering firms have the same innovation technology as incumbents, zyy =

given by

xyNnz and zcp = xcpz, where z is the aggregate flow of entry.

Equation (27) highlights why variety creation and creative destruction are tightly linked:
both depend on the same value function V; (q) /w;. In fact, in the special case where
A = w, this model is exactly isomorphic to our baseline model because equation (27)
implies & = X2 = (pcp/gn)"/ ¢

unchanged. In Section A-1.2 in the Appendix, we also analyze the general case of A # @,

, and the expression for creative destruction 7 is

which implies « is no longer constant. However, quantitatively, falling population growth
still reduces both creative destruction and the relative importance of entrants.

Endogenous Own-Innovation I. Our results also extend seamlessly to the case where I
is endogenous. Because the proofs of Propositions 1 and 3 never used any properties of
firms’ vertical innovation choices I, the expressions for 7, z, x and gy are exactly the same
as in Propositions 1 and 3, except that I is no longer a parameter but a choice variable. In
Section A-1.2 in the Appendix we solve for I explicitly, and show that I depends on the
creative destruction rate T and parameters other than population growth. Moreover, I is
increasing in 7, that is, a decline in population growth reduces the rate of own-innovation.
The endogenous response of incumbents” own-innovation efforts thus amplifies the neg-
ative growth consequences of falling population growth. !>

15That I is increasing in T seems surprising given that higher creative destruction reduces the expected
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3 Endogenous Market Power

So far, we have assumed markups were constant and equal to the standard CES markup.
We now generalize our model by assuming firms compete a la Bertrand within product
lines. Doing so makes the distribution of markups endogenous, and allows us to study

the effects of falling population growth on market power.

Given the CES structure of demand, each firm would like to charge a markup of %
over marginal cost. However, the presence of competing firms within their product line
implies the most efficient producer might have to resort to limit pricing. The markup
charged in product i, ;, is thus given by y; = min { -5, A;}, where 4¢ is the efficiency of
the next best competitor, and A; = g,/ > 1 is the firm’s efficiency advantage relative to

it competitors (we also refer to this as the “gap”).

The static equilibrium allocations generalize in a straightforward way. Aggregate output
1

and equilibrium wages are now given by Y; = M;Q;N; " Lf and w; = AtY:/ Lf , Where

a

(@) AR g m) "

M, = Ju(q/Q)" " dF (g, 1)
Ju=(q/Q)" " dF: (g, 1)

and A; = = ,
S0 (q/Qe)" " dF; (q, )

and Fi(q, 1) denotes the joint distribution of efficiency and markups. The two aggre-
gate statistics M; and A; fully summarize the static macroeconomic consequences of
monopoly power. Market power reduces both production efficiency (the misallocation
term M;) and lowers factor prices relative to their social marginal product (the labor
wedge A¢). Because the joint distribution of markups and efficiency, F; (g, 1), is a function

of the rate of population growth, declining population growth affects both M; and A;.

Most of our theoretical results directly carry over to this more general environment.
Most importantly, the key results of Propositions 1 and 3 exactly hold in the model with
Bertrand competition: the expressions for creative destruction T and variety creation v,
the aggregate rate of growth ¢, and entry and incumbent innovation z and x still hold in
an environment with imperfect product markets and as a consequence the link between

population growth and product concentration applies unchanged. In addition, although

life-span. Holding Lf / Nt fixed, this intuition is indeed correct. However, once the change in Lf /N is
taken into account, the effect of creative destruction becomes positive. The reason is that free entry requires
the average production value plus the innovation value to be equal to the entry costs. A lower rate of
population growth increases the innovation value and reduces the production value. And as the returns
to own-innovation only scale with the production value, they are lower in an environment with lower
population growth.
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Figure 4: Falling Population Growth and Rising Market Power

(a) The Life-Cycle of Product Markups (b) The Distribution of Markups
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Notes: This left panel shows a stylized example of how markups evolve at the product level. When a firm takes over a product,
markups increase through own-innovation. Once the product is lost to another firm, markups are reset to the baseline level of A. The
right panel shows what happens to the distribution of markups when population growth falls.

the value function is more involved, we show in Section A-1.3 in the Appendix that we
can still derive an analytic expression that has a similar form to the one derived in the
constant markup case.

Allowing for imperfect competition, however, yields additional insights, because our
model features a crucial asymmetry between productivity growth due to creative de-
struction and own-innovation. Suppose the current producer of product i has an effi-
ciency gap of A;. If this firm is replaced by another producer, the efficiency gaps reduces
to A as the new firm’s efficiency exceeds the one of the previous producer by the creative-
destruction step size A. By contrast, if the existing firm increases its efficiency through
own-innovation, the markup increases at rate I (as long as A; < ﬁ). Therefore, own-
innovation is akin to a positive drift for the evolution of markups, whereas creative de-
struction is similar to a “reset” shock, which keeps the accumulation of market power in
check. This process is displayed in the left panel of Figure 4.

This stochastic process gives rise to a stationary distribution of markups. Newly created
varieties do not face any competitor and charge a markup of —%=. Products that have been
creatively destroyed at some point in the past are subject to Bertrand competition and the
markup depends on A. Let NNC denote the mass of products without any competitor, and
let N© = N; — NNC be the mass of products that are subject to competition. In Section
A-1.3.1 in the Appendix, we prove two results. First, we show that, along a BGP, the
share of product without any competitor is given by NN¢/N; = 1 — a; that is, it is simply
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given by the share of product creation that results in new varieties. Second, the marginal
distribution of efficiency gaps among products with a competitor is a Pareto distribution
with a tail parameter of (7 +# +9) /I

T+n+d n+6
I

FC(A)=1—(A/A) T =1—(A/A)T= T, (28)

where the second equality uses that T = 1% (7 + J) . Equation (28) highlights that slower
population growth increases the distribution of efficiency gaps in a first-order stochas-
tic dominance sense. First, slower population growth shifts the product distribution to-
ward old products, which, on average, have higher markups. In addition, because slower
population growth also reduces creative destruction and product churning, this effect is
amplified: the average efficiency gap is increasing even for a given cohort of firms.

To translate efficiency gaps into markups, recall that 1 (A) = min {-%,A}. A reduction
in population growth therefore increases markups along the whole distribution and shifts
more mass towards the maximum CES markup. Because higher markups reduce the labor
share A and more dispersed markups reduce allocative efficiency M, lower population
growth tends to increase profits relative to factor payments and has adverse effects on
static allocation efficiency. In the right panel of Figure 4, we depict how the distribution

of markups changes in response to a decline in population growth from 77y to 7.

The macroeconomic consequences of misallocation are summarized by M and A, which
depend on the joint distribution between efficiency gaps A and efficiency 4. To derive
this distribution, define relative efficiency 4 = In (g/ Qt)af1 and let A = InA?~! . Denote
FE(A,§) as the joint distribution of efficiency gaps and relative efficiency for products
that have a next-best competitor. Similarly, denote FNC(4) as the distribution of relative
efficiency for products that do not have a competitor. We show in Section A-1.3.1 in the

Appendix that these objects satisty the differential equations

OFF(A,§) _ OFS(A9) 0\ OFF(8,9) R
o =~"3A IA—((T—l)(I—gt)T—(Tt+5+ﬂ)ﬂ A, g
drift from own innovation product loss
. C A A NtNC NC/a 1
+ slgg wF (s,4—A) + T N EY~(g—A) ,

creative destruction of C products  reative destruction of NC products
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product loss

drift from own innovation new products

These expressions highlight the separate roles of own-innovation and creative destruc-
tion in influencing the evolution of efficiency and markups. Own-innovation causes both
production efficiency and the gap to drift upwards at the deterministic rate I, whereas
creative destruction “resets” the mass in the distribution above A to have a gap of A.
Below, we quantify the impact of falling population growth on F;(A, §) computationally
both along the BGP and during the transition.

4 Quantitative Analysis: Calibration

To quantify the importance of declining population growth, we now calibrate our model
to data from the US. We parametrize the model to a balanced growth path matching key
moments of the data in 1980, when labor force growth was approximately 2%. We then
study the aggregate impact of the historical and projected decline in population growth
since 1980 by computing the dynamic response in our model.

4.1 Data

Our main dataset is the US Census Longitudinal Business Database (LBD). The LBD is
an administrative dataset containing information on the universe of employer establish-
ments since 1978. It contains information on the age, industry, employment, and payroll
of each establishment, along with identifiers at the firm level that allow us to track the
ownership of each establishment over time. We define the age of the firm in the LBD as
the age of the oldest establishment that the firm owns. The birth of a new firm requires
both a new firm ID in the Census and a new establishment record.

To measure firms” markups, we require information on sales. We augment the LBD data
with information on firm revenue from administrative data contained in the Census Bu-
reau’s Business Register, following Moreira (2015) and Haltiwanger et al. (2016). The
Business Register is the master list of establishments and firms for the US Census, and we
are able to match approximately 70% of the records to the LBD.

In Table A-1, we provide some basic summary statistics on the firms in our dataset. In

total our data comprises about 3.61 million firms in 1980 and 4.95 million firms in 2010.
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During that time period, concentration rose substantially. Average firm employment in-
creased by around 10%, from 20 to 22 employees, the aggregate employment share of
tirms with less than 20 employees declined from 21.5% to 18.8%, and that of very large
tirms (with more than 10,000 employees) increased from 25.7% to 27%. Furthermore,
firms became substantially older: the employment share of firms less than five years old
declined from 38% to 30%. Qualitatively, all these facts are implications of our theory.
Below we show the observed decline in population growth goes a long way toward repli-
cating these patterns quantitatively.

In addition, we use data on the number of products per firm from the Census of Manufac-
turers between 1987 and 2012. As part of the survey, firms self-report the type of products
they sell and the Census Bureau assigns these products to 10-digit NAICS categories. We

only use the simple count of products per firm.

4.2 Product Concentration: Direct Evidence

A key implication of our theory is that falling population growth reduces creative de-
struction and increases product concentration. In Figure 1 we already showed that the
importance of multi-product firms in the US manufacturing sector rose sharply since the
1980s. In this section we show that this trend is apparent for the whole product distribu-

tion and that it is not unique to the manufacturing sector.

In the left panel of Figure 5 we depict the distribution of the number of products per man-
ufacturing in different years, using the Census of Manufacturing. As our theory predicts,
the distributions of products per firm shifted steadily outwards in a first-order stochastic
dominance sense. We also extend this analysis to sectors outside of manufacturing, using
data from the LBD. To be able to observe a "product’, we focus on firms that provide non-
tradable services, such as restaurants, retail, construction, or accommodations. From the
point of view of such firms, each distinct establishment in space serving a distinct market
(Starbucks on 116th street vs. Starbucks in Madison Square) can be thought of as a dis-
tinct product in our theory. In the right panel, we plot the distribution of the number of
establishments per firm, focusing on firms with at least two establishments. As for prod-
ucts in manufacturing, the plant distribution in the non-tradable service sector shifted
steadily to the right. While in 1980, more than 50% of multi-establishment non-tradable
tirms had only two establishments, this share declined by 10 percentage points by 2015.
By contrast, the share of firms with more than 10 establishments increased by roughly
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Figure 5: Rising Product Concentration
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Note: Panel (a) shows the number of products per firm in the Census of Manufacturing. Panel (b) displays the number of establish-
ments per firm in non-tradable industries (Restaurants, Retail, Construction, Accommodation) from the LBD.

5%. Through the lens of our theory, these patterns are a natural consequence of declining
creative destruction by entrants relative to incumbents and a key implication of declining
population growth.

4.3 Calibration

Our model is parsimoniously parametrized and rests on 11 parameters:

‘P: [Xrglq)E/(PXII/(D//\ 7 5 , / 17 ’ p/(T

Innovation & Entry technology Exog. exit Pop. growth Preferences

We set three of them exogenously. We fix the elasticity of substitution between products
o at 4, following Garcia-Macia et al. (2019), set the discount rate p to 0.95, and assume a
quadratic innovation cost function (i.e. { = 2) as in Acemoglu et al. (2018).

The rate of labor force growth 7 is directly observed in the data and is our key parameter
for the comparative statics. The remaining seven parameters are calibrated internally.
First, we target three moments from the cross-sectional size distribution in 1980: the entry
rate, average firm size and the Pareto tail of the employment distribution. Second, we
utilize two moments of firm-growth, namely the dynamics of sales and markups over
firms’ life-cycle. Finally, we rely on two aggregate moments: the aggregate growth rate

and the average markup. In Table 1 we report the parameters and the main moments
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Table 1: Model Parameters

Structural Parameters Moments
Description Value Data  Model
Labor force growth in 1980 0.02  Data from BLS 2% 2%

A Step size on quality ladder 1.11  Aggregate poductivity growth 2% 2%

I Rate of own innovation 0.023 Markup growth by age 10 (RevLBD) 10.2%  10.2%
¢@x Cost of inc. product creation 0.04  Sales growth by age 10 (RevLBD) 58% 58%
¢e  Cost of entry 0.12  Avg. firm size (BDS) 20.7 20.7

6  Exogenous rate product death 0.06  Entry rate in 1980 (BDS) 11.6% 11.6 %

«  Share of creative destruction 0.59  Average profit share 25% 25%
@ Relative efficiency of new products  0.45 Pareto tail of LBD employment distribution in 1980 1.1 1.1

¢ Curvature of innovation cost 2 Set exogenously
o Demand elasticity 4 Set exogenously

p  Discount rate 0.05 Set exogenously

Note: This table reports the calibrated parameters for the full model. Data for the firm lifecycle comes from the US Census Longitudinal
Database, augmented with revenues from tax-information using the Census Bureau’s Business Register. Data for average firm size
and the firm entry rate in 1980 are taken from the public-use Business Dynamics Statistics.

we target. While all moments are targeted simultaneously, there is nevertheless a tight
mapping between particular moments and parameters which highlights how the different
parameters are identified.

Innovation efficiency of incumbent firms: I and ¢,. We identify the relative efficiency of
vertical own-innovation and horizontal expansion from the life-cycle profiles of sales and
markups. Because markup growth is driven by incumbents” own-innovation activities
(see Figure 4), this moment is informative about the rate of efficiency improvement I.
Sales growth is additionally affected by the rate of incumbent product creation, which
depends directly on the cost of product expansion ¢y.

As we show in detail in Section A-2.2 in the Appendix, we can derive the life-cycle profiles
of sales and markups (essentially) explicitly. This is not only convenient from a quantita-
tive standpoint but also clarifies our identification strategy. The main insight in deriving
these moments is to first express markups and sales of a given product as a function of
the “product age” ap, that is the amount of time a given product has been produced by
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the same firm. Average sales as a function of product age ap are given by

N1
o] = (8)

where p (ap) = min { =%, A (ap)} = min {-%5, Ae!?7}, and the remaining terms are aver-

Sp (tlp) =E [p;%

ap] = ()"l Vg,

age relative quality.'®

With this expression in hand, we can calculate the life-cycle of sales and markups at the
firm-level. Average sales and markups as a function of firm age ay are given by

s <a>:E %f;s (ap)|a and (a):E % (a)flM 7111
7 (o 2, op (ar) s ur (o Ll o))

where the expectations are taken with respect to the conditional distribution of Ny and ap,
conditional on a¢. As we show in Section A-2.2 in the Appendix, we can calculate these
conditional distributions essentially explicitly. This allows us to compute the life-cycle
profiles of sales and markups without having to simulate the model.

Pys

wl’

where pyy is the total revenue of the firm, and wly is the total wage bill. While this

Empirically, we measure markups at the firm level by the inverse labor share y; =

approach allows us, in principle, to measure markups for the population of US firms, we
only use firms” markup growth to calibrate our model. More specifically, letting j ¢ ; be the

markup of firm f at time ¢, we run a regression of the form

20
In Hft = Z ’YZ[]IAgeft:a + 9f + 60 + €fts (29)
a=0

where T 44, = is an indicator for whether the firm is of age 4 and 67 and 6; are firm and
time fixed effects respectively. Hence, 7}, provides a non-parametric estimate of the rate
of markup growth. We calibrate our model to the growth rate at the 10-year horizon, 'Yilo.
Because we explicitly control for a firm fixed effect when estimating (29), we do not have

to take a stand on firms’” output elasticities as long as they are constant with age.

We follow the same approach when we estimate the life-cycle of sales; that is, we also
estimate (29) using log sales as the dependent variable and target 'yfg in our quantitative

16Because own-quality g increases at rate I while average quality Q increases at rate gQ, @D (1=8%)ap i
the relative drift of these random variables. The last term reflects the initial average quality when the firm
adds the product to its portfolio.

30



model. In the LBD, firms increase their average markup by roughly 10 percentage points
and grow in size by about 80% by age 10.

Entry costs and product obsolescence: ¢r and 6. We choose ¢r and ¢ to jointly match
the entry rate and average firm size. The free condition determines market size L}/ N;
as a function of entry efficiency @g. This in turn is a key component of average firm
employment. We thus choose ¢ to match an average firm employment of 20.04 in 1980
from the BDS. The exogenous rate of obsolescence § directly influences the exit and hence
- in a BGP - the entry rate of firms. We target the entry rate in 1980 of 11.6%.

Productivity growth through innovation: A and w. The parameters A and w determine
the relative quality of creatively destroyed products and newly generated varieties. We
infer these parameters from the aggregate growth rate and the tail of the firm size distri-
bution. That A and w directly affect the growth rate is apparent from Proposition 1. For
the tail of the firm size distribution, we find in our calibration that ¢,, > ﬁgq, i.e. the tail
of the employment distribution is given by —1¢,, where ¢, is given in (26). Given a and
o, this tail only depends on A and @w. For our calibration, we chose A and @ to target a
rate of productivity growth of 2% and a tail parameter of the firm size distribution of 1.1

(Luttmer, 2007).17

New varieties vs. creative destruction: «. The share of new products in innovation, 1 — «,
plays an important role for the level of markups in the economy. The higher «, the lower
the economy-wide markup, because the higher the share of products that are subject to

Bertrand competition. We target an economy-wide profit share of 25%.

4.4 Estimates and Model Fit

As seen in Table 1, our model is able to match the targeted moments perfectly. To ra-
tionalize the fact that firm-level markups grow by around 10 percentage points at the 10
year horizon, our model implies a rate of own-innovation of around 2.3%. For a creative
destruction event, we estimate a productivity increase of 11%. This is required to match
an annual aggregate growth rate of 2%. On average, about 60% of product innovations
result in creative destruction, and 40% generate a new variety. The initial ion efficiency
of these new products, @, is estimated to be low, about 50% of the average product in

the economy. This relatively low value is required to match the thickness of the tail of

17While none of the moments we target depend on higher moments of the initial efficiency distribution
I'(w), the shape of F(4,A) is affected by this choice. We choose I to be a Pareto with mean @ and a tail
index of 4, which rationalizes the relatively low dispersion of entrant size in the LBD.
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Figure 6: Lifecycle Growth in Firm Sales and Markups

(a) Sales Growth by Age (b) Markup Growth by Age
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Note: Panel (a) in this figure compares the lifecycle of firm sales in the model to the estimated lifecycle in the data. The data lifecycle
plots the age coefficients from estimating equation (29) in the LBD. The sample size is 35,300, 000, where this number has been rounded
to accord with Census Bureau disclosure rules. Panel (b) does the same for relative markups.

the employment distribution. These estimates imply that the average efficiency of new
product, 7, is given by 0.95.

These parameters also determine the long-run growth impact of falling population growth:

—o0—1

__ 1 —*
dgy/dn = e 0.2. (30)

Hence, a one percentage point decline in the rate of population growth reduces economic
growth by 0.2 percentage point. This result is consistent with the findings of Bloom et al.
(2020). In their model, dg, /dn = 1/ where f is the “degree of diminishing returns” (i.e.
At/ Ay = A;PLR). They estimate 1/ = 0.33 for the aggregate economy.

Our model also matches a variety of additional non-targeted moments despite its par-
simonious parametrization. Consider first the sales and markup life cycle. In Figure 6
we show the model’s performance by plotting the estimated coefficients }; and v}? from
specification (29) estimated in the model and in the data. As highlighted in Table 1, we
calibrate our model to match 'yfg and ’ﬁo. Figure 6 shows that the model’s implication for
the whole age profile of sales (in the left panel) and markups (in the right panel) is quite

close to what is observed in the data.!®

In Figure 7, we confront our model’s predictions for the size distribution and firms” exit

18In Figure A-2 in the Appendix we show the joint density of markups and efficiency, illustrating the
positive correlation between markups and efficiency induced by survival and own-innovation.
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Figure 7: Size Distribution and Exit Hazards: Model vs Data

(a) Size Distribution (b) Exit Rates By Age
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Notes: This figure plots the employment shares by firm size (left panel) and the lifecycle exit rates (right panel) in the calibrated model
(blue) and the data in 1980 (orange). The data in the left panel is from the BDS. The exit rates by age in the data are taken from the
increments in a Kaplan-Meier survival function estimated on all firms in the LBD born between 1980 and 1990.

hazard with the data. Whereas we have explicitly targeted average size and the Pareto
tail, the left panel shows that our model matches the full non-parametric firm size dis-
tribution very well.!® Note, in particular, that it replicates the aggregate importance of
very large firms with more than 1000 employees, which account for 25% of aggregate em-
ployment. A central reason our model successfully replicates the firm-size distribution
is that it provides a good fit for the empirically observed exit hazards, despite the fact
that we do not target them in the estimation - see right panel of Figure 7. In our theory,
exit rates are declining in age because older firms have more product lines, and owning
more products progressively lowers the likelihood that they will all be destroyed within

a particular year.?

9For replicability we chose size bins that are also available in the publicly available data from the BDS.

20In Section A-2.3 in the Appendix we also analyze our model’s predictions for firms’ exit rates by size.
Our model overestimates the extent to which large firms exit. The reason is that (in our calibration) the
thick tail of the employment distribution is driven by the distribution of product quality. Hence, large firms
are firms with a few superstar products, not those with many products. And because creative destruction
is independent of product quality, such firms are as likely to exit as other firms. In Section SM-3 in the
Supplementary Material we also show how we can extend our model to allow for type heterogeneity along
the lines of Sterk et al. (2021) to address this counterfactual prediction.
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5 The Aggregate Impact of Falling Population Growth

We now use our model to quantify the consequences of falling population growth shown
on Figure 1, which, for convenience, we replicate in panel (a) of Figure 8. While the US
labor force grew by 2% in 1980, this rate declined to about 1% two decades later. The
official BLS projections paint an even direr picture for the years ahead: by 2050 it projects
the US labor force to grow at around 0.25%. To study the implications of this trend, we
start with the calibrated BGP in 1980, and then feed this path of population growth into
the model, assuming that all agents have rational expectations about this path. All other

parameters are held constant.

5.1 Declining Population Growth and Changing Firm Dynamics

We start by considering the impact on firm dynamics. We focus first on the entry rate, the
exit rate and average firm size. In Figure 8, we plot both the data and the implications of
our theory. Consider first the data, shown in green. The entry rate, shown in panel (b),
declined markedly in the last 30 years from around 12% in the 1980s to around 8% in the
mid 2000s. Note this series of the entry rate tracks the evolution of population growth
closely, and the contemporaneous correlation is 0.74. Similarly, the exit rate, shown in
panel (c), declined from 9% in 1980 to almost 7% in 2015. Average firm size, shown in

panel (d), rose from 20 to 23 employees, increasing by around 15%.

In blue, we superimpose the predictions of our theory. Recall that we used both the entry
rate and average size in 1980 as a calibration target, and hence match these numbers by
construction. The exit rate, by contrast, is not targeted. The subsequent fall in entry and
exit and the rise in average size are the sole consequence of the observed and projected
decline in population growth.

Figure 8 shows that the decline in population growth goes a long way toward explaining
the observed trends. For the entry and exit rates, our model matches the US experience
almost perfectly. For average size, our model predicts a somewhat slower increase than
what is observed in the data, and highlights that the long-run increase in firm size will
take many decades to settle at a higher value once labor force growth stabilizes. The
increase in concentration is also similar to what is observed in the data, with the employ-
ment share of large firms (defined by the BDS to be 10,000 employees or more) increasing
by 1% by 2015, roughly in line with the data (see Table A-1).
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Figure 8: Declining Population Growth and Changing Firm Dynamics
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Note: Panel (a) displays the growth rate of the labor force in the US, with the raw series in blue and a HP-filtered trend component in
red. The data is sourced from the BLS, accessed through FRED. Grey shading indicates projections. The remaining panels show the
the dynamic response of the entry rate (panel (a)), the exit rate (panel (b)), and average firm size (panel (c)) to the path of population
growth shown in panel (a) . The same objects from the BDS data are shown in green.

In Figure 8, we only display the implications of our theory until 2070. Given the pop-
ulation growth path shown in panel (a), our model has not reached a new BGP at this
point. Hence, we also plot the long-run implications as dashed lines. The entry and exit
rates adjust relatively quickly and are already quite close to their long-run BGP values by
2070. By contrast, our model predicts that average size has some way left to run due to
the slow-moving firm size distribution and will increase substantially in the long-run.

As also highlighted in Hopenhayn et al. (2018), the four series shown in Figure 8 are
linked via a fundamental accounting equation: population growth is the sum of the entry
rate & and the change in average firm size Sy minus the exit rate X}, ; = St/ S+ & — X
Because our theory correctly predicts an increase in average size and a fall in the exit rate,
the decline in the entry rate is substantially larger than the decline in population growth.
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Figure 9: Declining Population Growth, Firm Aging and Product Concentration

(a) The shifting age distribution (b) Rising Product Concentration
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Note: The left panel shows the share of firms older than 10 years old. The right panel shows the share of firms with at least two and
at least five products.

Along a BGP, where average size is constant, 7 = £ — X. The fact that, empirically,
the gap between the entry rate and the exit declined markedly since 1980, is a further
indication that falling population growth is a key determinant of the observed changes in
the US firm size distribution.

In Figure 9 we trace out the evolution of the age distribution and the rise in product con-
centration. In the left panel we depict the share of firms older than ten years. Falling
population growth leads to firm aging as the fall in entry reduces the inflow of young
firms and lower creative destruction increases firms’ chance of survival. Quantitatively,
our model suggests that the share of old firms increases from 40% to around 70% in the
new BGP. The US economy has experienced a fair amount of firm aging, and the quanti-
tative magnitude of the change appears similar.?! In the right panel, we depicts the rise in
product concentration. We focus on the two statistics shown in Figure 1: the share of firms
with at least two and five products. Even though the units are not directly comparable,
like in the data, both increase steadily in response to falling population growth. This rise
in product concentration is an immediate reflection of the decline in creative destruction,

which allows incumbent firms to accumulate products at a faster rate as they age.

Our model predicts that average size is increasing both because of a shift in the age dis-
tribution towards older firms and because lower population growth increases firm size
conditional on age. Quantitatively, however, much of the increase depicted in Figure 8 is

21Because the age information in the LBD is censored in 1977, we cannot directly compute the share
of firms older than 10 years old in 1980. Between 1990 and 2010, the share of firms older than ten years
increased by 22 percentage points, from 29% to 51%.
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Figure 10: Declining Population Growth and Rising Market Power
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Notes: The left panel shows the transition path of the average product markup as labor force growth changes according to the path in
Figure 8. The right panel shows average markups by age before and after the transition.

due to shifts in the age distribution even though firms’ innovation spending is endoge-
nous and responds to changes in population growth. In Figure A-4 in the Appendix, we
show the change in sales growth and exit by age. These objects do change as population
growth declines, but only modestly. This dominant role of the age distribution is consis-
tent with the data, where size or exit rates by age also changed little (see Karahan et al.
(2019) and Hopenhayn et al. (2018)).

Finally, in Figure 10, we report the implied change in the cost-weighted average markup.
As implied by our theoretical results, the decline in population growth increases markups.
Quantitatively, the increase in market power is modest: the average product markup in-

creases by about 1%.

As shown in the right panel, our model implies this increase in markups occurs mostly
across firms and is a reflection of the fact that firms become older. Within firms, products
tend to become older because products are destroyed less frequently. On its own, this
fact raises average markups. However, firms also accumulate more products, which are,
on average, younger, and hence have lower markups. Quantitatively, these two forces
almost exactly offset one another, leaving the life-cycle of markups essentially unchanged.
Hence, as for the effects on firm size and exit, the rise in markups reflects compositional
changes whereby large and old firms with high markups increase their market share. This
pattern is qualitatively consistent with the findings reported in Kehrig and Vincent (2017)
and Autor et al. (2020).
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Figure 11: Declining Population Growth and Income per Capita
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Note: The figure displays the dynamic response of the aggregate growth rate (left panel) and the variety intensity .4 = N;/L; to the
path of population growth shown in Figure 8.

5.2 Declining Population Growth, Income per Capita and Welfare

We now turn to the normative implications. In Figure 11 we depict the growth rate of
income per capita (left panel) and the change in the variety intensity .4 (right panel).
Interestingly, the effect of population growth on output growth is not monotone. On
impact, a population growth decline increases output growth for about one decade. This
is due to an increase in the variety intensity .4;: even though the number of firms per
worker declines, the mass of products available to consumers increases by about 30%
in the long-run. This amounts to a static productivity increase of about % In(1.3) =
9%. But because this increase in variety is transitory, output growth eventually declines
and stabilizes at a lower level as in most models of semi-endogenous growth. In our
calibration, the long-run growth rate declines from around 2% to 1.6%, consistent with
(30).22 This decline in growth stems to a large extent from falling variety growth. In
fact, efficiency growth ¢@ rises slightly in response to the decline in population growth,
because we estimate the efficiency of new varieties w to be relatively low. The creative

destruction hazard t declines from about 20% to 17%.

The competing forces of rising variety and declining growth make the welfare conse-
quences of falling population growth in principle ambiguous. We measure welfare in

consumption equivalent terms, asking by how much would we need to change the level

22We also conducted our analysis for the case of endogenous own-innovation I. As shown in Section 2.6,
this amplifies the effect of population growth on productivity growth. Quantitatively, we find that long-run
growth declines to 1.2% instead of 1.6%.
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of consumption per capita in each period in the old BGP to achieve the same level of
welfare as the transition for a member of the representative household who discounts the
future at rate p. We find that the long-run decline in economic growth dominates: falling

population growth amounts to a 1.9% reduction in the level of consumption each period.

6 Conclusion

Most countries have experienced declining rates of fertility and a slowdown in population
growth in recent decades. There is little reason to think this trend is going to reverse any

time soon.

In this paper we have shown that this trend has important implications for the process
of firm dynamics and aggregate productivity. We analyzed a model of semi-endogenous
growth with multi-product firms that is rich enough to rationalize many first-order fea-
tures of the micro-data, but nevertheless lends itself to an analytical characterization.
Declining population growth reduces creative destruction and product creation, causes
a decline in entry, and increases average firm size, markups and market concentration.
Furthermore, lower population growth reduces economic growth in the long-run, but

has positive effects on productivity in the short-run though a surge in variety creation.

In our application to the US, we draw three main quantitative conclusions. First, the pop-
ulation growth channel can account for a large share of the change in entry, exit rates and
product concentration since the 1980s, and is thus likely to be an important contributor
for the decline in dynamism in the US and the rest of the developed world. Second, even
though the decline in population growth is predicted to lower economic growth in the
long-run, economic growth remains higher for about one decade. Third, even though
lower population growth increases market power and markups, we estimate this effect
to be quantitatively small. Hence, the rise in markups and the fall in the labor share are
unlikely to be driven by falling fertility.
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Online Appendix for “Population Growth and

Firm Dynamics”

[FOR ONLINE PUBLICATION]

A-1 Theory

A-1.1 Characterization of the Baseline Model

This section contains the derivation of all results for the baseline model characterized in
Section 2. The household side is characterized by usual Euler equation % = 1y — p and the

(Vs*ﬂ)dsat

t
transversality condition lim;_,e [e* Jo = 0, where a; denotes per-capita assets

of the representative household. Our assumption p > 7 implies that the transversality

condition is satisfied along a BGP.

A-1.1.1 Static Equilibrium

Consider first the static equilibrium allocations, in particular (1). Letting u; denote the
markup in product i, the equilibrium wage is given by

1

1
1 1 1
( / G 1dl) =N < [ g an (w)) :

Similarly, aggregate output Y; is given by

1 1-0 U*ldP 0%1
Yt — Ntall (f]/l q t(q’ ]/l)) Lf (A-l)
Juq1dF: (9, 1)

1
Defining Q; = ([ ¢~ 'dE (q)) =T = (E [q”’l})% we can write (A-1)as Y; = N7 T QM LY
where

a

o—1

e (0000 0 )
an =
fﬂ”q/Qt)“dFt(q,u) t [u=o(q/Q0)" " dF: (g, 1)

(A-2)
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For the case of y; = p, M; and A; reduce to M; = 1 and A; = 1/p as required in (1).
Product-level sales and profits are given by

-1 o—1
1-o [ b 1 Y; 1 >
L= (1 ) N
P i <Qt> <MtAt> N; and 7 < 1 Py (A-3)

g c—1 Y u—1 g o—1 Y
If markups are constant, (A-3) reduces to py; = (d) ~ and 7; = (7) <Glt> e

A-11.2 Aggregate Growth Rate

Given 7; and v; = gnt + J, the rate of quality growth is given by

QA (@™ 1-1)

The growth rate of labor productivity is given by

d 1 1 A1 q w1 5
Lp _ % 7T _ R N _ _ -
9 —dtln<QtNt > S +0_1gt I+( 5 >Tt—|—0__11/t T (A-5)
A-1.1.3 Derivation of value function V; (7) in the model with entry (Equation (9))

Conjecture that the value function takes the form V;(q) = ¢~ 'U;, so that V;(q) =
quV (t). The HJB equation in (6) then implies that

oc—1 LP
(n—1) (é) N Wt
u, = ) (A-6)
r+T+0—gu

The free entry condition in (7) is thus given by

Tl -1 Hw
iwt = yEntry — 1 K N

QE e +T+0—gu

— q[f*lQ[tfflut‘

This implies that U; grows at rate g;; = gw — (0 — 1) go. Substituting this in (A-6) yields
©)-
A-1.14 Proof of Proposition 1

Equations (13) and (14) follow directly from 7 = (1 —a)z — ¢ in (12). To derive (15),

consider the free entry condition in (A-7). The Euler equation implies gy, = 7+ — p.
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Also, gw = gy /1 — §p- Finally, (A-4) implies that

qﬂ'—l qO’—l
prutot(c—1)gotgw=p+ 70+ (1=, 1] @r+n)+gr
The free entry condition in (A-7) thus implies that
1_ ~ g @
1 C/%

e pr Tt (B —1) (gr +1) +8e

Similarly, the resource constraint in (10) can be written as

1—¢F 1w lgy+do 1 gyt+n+d
M) epl—a @ l—a ¢ 1l—a

(A7)

(A-8)

These are two differential equations in .4; and ¢}. Together with the initial condition .44

and the consumers’ transversality condition as a terminal condition, they determine the

path {J’/t/ Ef}t.

Along the BGP, g » = g,» = 0. Equations (A-7) and (A-8) can then be solved for .#" and
¢P given in (15). In addition, (A-7) and (A-8) also characterize the transitional dynamics

depicted in Figure 2. Rearranging terms in (A-8) and substituting for g s in (A-7) yields

w)(aﬂfi;—l)i (=),

1- (P
sv = ¢e(1—a) i —1n—0.

gr = @e(1—

This dynamic system is depicted in the phase diagram in Figure 2.

A-1.1.5 Proof of Proposition 2

We first derive the value function stated in Proposition 2. Upon rewriting the innovation

value Z; as

¢

o :nxmax{ < /Vt |,Aq)dF; (q) + (1 —«a) /Vt ,wQy)dl' (w) — ([qz])> —xwt},
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it is immediate that the value function is additive, i.e. Vi ([gi]) = Y1 Vi (9i). The HJB equation
associated with V; (g;) is given by

HVi(9) — Vi (q) = 71 (9) + Ian—;”’)q (T ) Vi(g) + B, (A-9)

where &, = maxx{ <othCD (1—ua) VNV> — q}xxgwt} with VEP = [V, (Aq) dF; (q) and VNV =

J Vi (wQy) dT (w).
Suppose the value function takes the following form V; (q) = ¢° ~'U; + M;, where M; and

U; grow at some rate g»; and gy respectively. Then I av”‘(q)q =I(c—1)g""U;. (A-9) can

then be written as

1\ 'L}
(rt+T+5—gu)q‘71Ut+(r+'r+5—gM)Mt—<(y—1) (Qt) ﬁtwt—'_l( 1)Ut q071+Et.
(A-10)
It is easy to show that along a BGP this implies that

-1 (&) K 5

u .
! o+T1+6+(0—1)(g0—1) 0+T+0

— . — _1
as Z; « w;. To see this note that =; = Wxgwt,where

1
N 1 VCD VNV 1
x= (“2,) <“ztut +-0 ) . (A-11)

The value function is therefore given by

1,00
Vt(ﬂ) _ T (EI) + Px

p+T+6+(—1)(g0—1) p+T+0

Note also that VP = [V; (Aq) dE; (q) = Vi (AQ¢) and VNV =V, (@ Q).

A-1.1.6 Characterization of Equilibrium

The equilibrium is characterized by the following conditions. First, the evolution of
aggregate productivity is given by in (A-4). Second, the rate of creative destruction is
given by T = %_v;, where v; = (1 —«) (z; + x). Third, labor market clearing requires

Li = Lp; + LRt, where Lg; = Nt% (zt + %x) . Fourth, the Euler equation is given by
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r = p + gc, where g. is the growth rate of per capita consumption. Wages and output are
1

givenby Yy = N/ Qth and w; = %Yt/ Lf . Market clearing requires C; = Y;. Hence, the

growth rate of per capita consumption is given by

8 =8y —1N=8uw+gr—1, (A-12)

where gy = % SN + 8o (see (A-5)). Thus, r = p + gw + grr — 7. Finally, (A-10) and free
entry implies that # = g% u; + my, where

-1.0 1Y
my = P and uy = = 1) b/ - (A13)
PO+8&r—N+T+6—gm p+gr—N+T+6—gu+(0—1) (30— 1)

Then we can write the free entry condition as

. i-1,¢

1 7 (-1 i "
—o—1 ‘
P P+gé+5—gu+(%—1>vt“’4 P+t TRV 0 gm

Hence, the equilibrium is characterized by a path {¢F, 47} , that satisfies the free entry
condition and labor market clearing

e -1,
1 ) o0 o~ )
— . =t 2 5 (A-14)
P prgto—gu+ (Fr—1)uM pHEF RVt gn
11— 1 ( v (-1 )
= — —2_"x), A-15
N o \1—« { ( )

where ¢, and g, are the growth rates of u; and m; given in (A-13). For a given initial condition

. .. —P .
A0 and the terminal condition that Ef — £ and m; — mand u; — u one can solve for the dynamic

path {¢f, M},

A-1.1.7 Balanced Growth Path

Along a BGP, income per capita grows at a constant rate. (A-12) implies that

B o ﬁ"‘l—zx v 1
Sc = Qw +8rr 17—( p— )1_lx 0_15+I+g4p.

Along the BGP it also has to be the case that ¢/’ = LI'/L;. Hence, gV is constant along
a BGP ie. gy = v —90 = 1. With ¢ and ¥ constant, 2w = gm = 0 along the BGP. Hence,
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(A, £7) are given by

o 1,8
- —=r—1 —=or—1 L/V 04174»5
P e (T ) e e
1—¢P 1 (p+6 (-1
= §0E(1—0€_§ x). (A-17)

These equations have a unique solution for .#” > 0 and ¢ € (0,1).

A-1.1.8 Population Growth and Firm Dynamics (Section 2.4)

In this section we derive the relationship between population growth # and the process
of firm dynamics. In particular, we derive (i) the survival function S (a) in (23), (ii) the
average number of products by age 7 (a) in (23), and (iii) the Pareto tail of the product
distribution {; in (24).

Firm survival S (2) and the average number of products 77 (a) Let p, (a) be the proba-

bility that a firm has n products at age a. This evolves according to
pn(a) = (n —1) xpu—y (a) + (1 +1) (T +0) puy1 (a) =1 (x +T+0) pu (a).

Because exit is an absorbing state, pg (a) = (T + ) p1 (a) . The solution to this set of dif-
ferential equations is (see Klette and Kortum (2004))

T+
poe) = “y(a) (A-18)
pi(a) = (1—po(a))(1—(a))
pn(a) = pu-1(a)y(a) (A-19)
where
X (1 _ e*(T+5*x)a>
v(a) = T4+ —xxe (THo—x)a’ (A-20)
Given that =217 = § + 7, the net rate of accumulation ¢ is given
hat 17 7, th f lation { is given by
e P s anto )
p = x—17-0=x 1—o¢(;7+(5) d=x T (A-21)
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Hence, ¢ is decreasing in 77. From this solution for p, (a) we can calculate both the sur-

vival rate and the cross-sectional age distribution.

Let S (a) denote share of firms that survive until age a. Then

pa
5 (Ll) = 1-po (ll) = P — xlp(i — eqm)/ (A-22)

which is equation (23) in the main text.

To derive 7 (a), let p, (a) denote the share of firms of age a with n production condi-
tional on survival. Then, 7, (a) = £ ’;(Oa()a) forn > 1. Using (A-18)-(A-19), p, (a) =
7(@)"" (1 -7 (a)) . Then,

i(a) = E[N|A;=a] = HZ:lnpn(a):(l—'y(a))nZ:ln'y(a)"1:1_;@).

Using (A-20), this implies 71 (a) =1 — & (1 — e¥"), which is the expression in (23).

The Pareto tail of the product distribution ¢,. To derive the tail of the product distri-
bution, let w; (1) be the mass of firms with n products at time ¢. Forn > 2,

@r (n) = wr (n = 1) (n = 1) 2+ @ (n+1) (0 +1) (T +6) — or (n) n (x+x+9).

Forn =1wehave w; (1) = Zi+ wt (2)2(t+96) —wr (1) (T + x + 9) . Along the BGP the

mass of firms grows at rate 7, that is w; (n) = yw; (n) . Denoting x (n) = wi\(lf),

X (t+x+d+1n)—2z
2(t+9)

x(2) = (A-23)

and

xmn(E+x+0)+xmn—xmn-1)n-1)x

x(n+1)= (1+1) (t+9)

forn > 2. (A-24)

Given yx (1), these equations fully determine [x (1)],,>, as a function of (x,z, 7). We can

then pin down yx (1) from the consistency condition that

[ee]

Yxmn=Y “’tz\gt”)n Epa ;\‘Z mn _y (A-25)

n=1 n=1



Hence, equations (A-23), (A-24) and (A-25) fully determine the firm-size distribution
[X (n)]nZT

The distribution described by (A-23), (A-24) and (A-25) has a Pareto tail as long as 7 >
x—17—06 > 0. Applying Proposition 3 in Luttmer (2011) the tail index of the prod-

uct distribution is given by 0, = Using that T = % (7 + ) we get that ¢, =
17—1—(5

% = 72 —L, where the second equality uses that z = — x. Also %Qﬂ” > 0,

that is a decline in population growth reduces the Pareto tail towards unity and increases
23

xT(S

concentration.

The Pareto tail of the efficiency distribution ¢;. In this section we derive the marginal
distribution of efficiency g. In particular we derive (26), which we use to calibrate w.
Define §; as the relative productivity of a product §; = In(g:/ Q)7 1. The drift of gt

(conditional on survival) is given by

a (AT —

A 1
%:(0—1)1—(0—1)611th:—( - )+w‘”—1>(17+5), (A-26)

where the second equality uses (14).

Let F; (§) denote the share of products at time ¢ with §; < 4. This cdf evolves according to
the differential equation

oF (9) _  9F(q) 94 R 5 q
T aq ot +T (Ft<q )‘) F (q)) (5+77) F (q) [ exp c—1 ’
\__'\f_ Creative destruction -
Drift of 4 Product loss vs new product creation
where A = In A7~1. In the steady state, aFt( ) = 0 s0 that

s T(Pt(ﬁ—}t)—Ft(ﬁ))—(5+17)(Ft(ﬁ)—r(exp<ail)>). (A-27)

Guess that F is exponential in the tail with index ¢, that is lim e%7(1 — F(4)) = a for
q—)oo

23 9% _ (1_ x(1—a)=0 i = & i —T—6 =
Note that 7t = (1 —a) Ca)ban)f 0. Using that T = &, (17 + ), it follows that x — 7 — ¢ =

 (x(1—a) —ay — ). Hence, x — T — 6 > 0 implies that x (1 —a) — & > ayy > 0.
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some a and g,. If we assume that I' has a thin tail** then as § — oo, (A-27) implies that

lim (aegﬁgq aqt) = lim [((5 +n+71)— Tqu;\} ae™%1 — (5 +1).

j—o0 g j—o

Hence, the tail coefficient ¢, solves the equation —Qq% =—00+n+1)+ Te%". Substi-
tuting (A-26) and noting that T = 2 (17 + 6) yields

04 <(x)t‘7*1 +(1—a)w” - 1) = —1+ar%(@D),

This is equation (26) in the main text.

A-1.2 Model Extensions (Section 2.6)
A-1.2.1 Endogenizing the Direction of Innovation «.

Suppose that the firm can independently chose the flow of new varieties xy and creative
destruction xcp. The value function is then given by

. WV,
V) = Vi () = (1) + 1 g — (104 0) Vi o) + 2
where
i = max X VN—ixgw + max ¢ x VCD—LXg w (A-28)
S = e NVt PN NWt XcD CDVt PcD cpWt ¢ -

@cp and @y parametrize the efficiency of creative destruction and new variety creation
and VN and VN denote the value of creative destruction and new variety creation respec-
tively. Along the BGP, the solution of V; () is given by

(n—1) ( q )"‘1 Ly o
Vi(g) = I S
W) = vt o DD re\o) NUTrrtre—ga

24Formally, assume that for any x, we have lim e1(1 — T (exp (%) ) ) =0.

G—roo
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The optimal innovation rates associated with (A-28) are given by

1

1 1
VNV =1 yCD Y 1
ANV = (q)—N t ) and xcp = (Et— . (A-29)

¢ w ¢ w

Note that this implies that the endogenous share of product creation directed to creative

@cp VP
NV
on the relative valuations. This also implies that

1
destruction is given by &= = ( ) ", i.e. the relative “bias” of innovation depends

— 5_1C €—1§ >
Hy = X3, + —x Wy, A-30
((PNV NV pc CD t ( )

where xny and xcp are constant (see below). Hence, the value of product creation grows
at rate wy, i.e. gz, = gw = 1 — p. Similarly, along the BGP we have gy = 7, so that

(n—1) < q >0_1 Ly E
V = ~ — —_— <.
+(9) p+(go—D(c=1)+7+6\ Qs Ntwt+p+r+(5

As before, VN and VEP are given by V; (AQ;) and V (wQy).

We assume the following process of entry. As in the baseline model, the economy has
access to a linear entry technology whereby each worker generates a flow of ¢r new
tirms. These firms then have access to the same innovation technology as incumbents to
eventually start producing either a creatively destroyed product or a new variety. In the
event that no product is discovered, the potential firm exits.

Because new firms have - after paying the entry costs #wt - the same opportunity as
incumbents, their direction of innovation (i.e. new varieties versus creative destruction)
is exactly the same as the one of incumbent firms. Hence, if z new firms are created (per
product N;), the total amount of creative destruction and variety creation by entrants is
given by zxcp and zxyny respectively. It also implies that the free entry condition is given
by #wt = Hi.

BGP equilibrium The BGP equilibrium in this economy is fully characterized by inno-
vation choices xyy and xcp, the entry flow z, value functions VNV /wi and VEP /w,, the
rate of creative destruction T and the mass of production labor per product L /N;. As
before, gy = n sothatv = xyy (1+2z) = n+ 9 and T = xcp (1 +z). The first order
condition for xy and x¢cp are given in (A-29). Equation (A-30) implies that the free entry

A-10



condition is given by# = % g)ml/ %,V + g xéD The value function is given by
i -0(d) o1 1

= — . A-31
wy AT+ (w1 =1)p+ w16 Ny p+T+d¢r (4-31)

We can simplify this system further and express the BGP equilibrium in terms of xyy

N
and 7. Note first that T = xC—D > (7 +6) . From (A-29) we get that xé g 1 _ g—gl%xz\r and
CD
xg D €§0N =& él Y xcp. Free entry therefore requires that
1 g -1 (VtCD VtNV )
— = —| —xn + Xcp | -
PE 4 Wt Wt
CD

P
Using the expressions for —— L—ft substituting in (A-29), and us-

ing T = ;szn? (n +9), we can express the entire equilibrium in terms of xyv and 7. In

particular, one can show that

1/ 4 -
_(_on T\ v
xN_((C—l)qu) <1+(77+5> qvcp> |

Finally, T is determined from

(<A>M_1)n1 T <¢E>%(3)01&_<m)€(% (A-32)

w HopF+o+T (7 )% N

and hence depends directly on 7.

Assume first that creative destruction and new variety creation leads to the same quality

improvement, i.e. A = w. This implies that

Xcp (¢cp)&T

XCD TNV (pep)TT 4 (gnv)TT

thatis a is indeed constant. Along the BGP, westillhave xyy (1 4+z) = (1 —a)x (1 +2z2) =
1 + 6. Similarly, creative destruction is given by T = ax (1 + z) . Hence, as in the baseline

model, T = %, (17 + 6) ,i.e. lower population growth reduces creative destruction. Using

-1
—a)¢
the free entry condition yields x¢ = %(PL (M + i) . As in the baseline model,
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Figure A-1: The Effects of Population Growth (Endogenous «)
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Note: This figure plots model outcomes in a calibrated version of the extended model with endogenous
innovation direction as a function of the rate of population growth.

x is constant and fully determined from parameters governing the relative innovation

technologies. And with x constant, we have zx = %s — x, i.e. the total entry flow per
product, zx, is a decreasing function of population growth: in equilibrium entrants bear

the brunt of declining population growth.

If A # w, T is determined from (A-32). One can show that there is at least one solution T
and that a fall in # lowers T if there is a unique solution. In Figure A-1 we show creative
destruction 7, the relative importance of entry z = f&’]—g = fcg—g and the share of creative
destruction « as a function of population growth. The comparative static results shown
in Figure A-1 accord well with our baseline model. Creative destruction is an increasing
function of population growth, falling population reduces z, the flow of entrant product
innovation relative to incumbents and the creative destruction share « is increasing in 7.
The result that « is increasing in 7 is driven by our estimates that w < A. This implies that
VED puts a higher weight on the production as opposed to the innovation value. And
because a fall in population growth reduces the innovation value, it raises the value of
new variety creation relative to the value of creative destruction, leading to a decline in

the creative destruction share «.
A-1.2.2 Endogenous own-innovation |
Suppose now that firms can chose the rate of own-innovation I. Assume that the cost
-1
. . .. . . . . . q 1
function (in terms of labor) of achieving a drift I is given by ¢ (I;q/Q) = (@> %15 .
Hence, the cost of innovation are convex in I and depend on firms’ relative efficiency g/ Q;

to make the model consistent with balanced growth and Gibrat’s law for large firms.

Most results of the baseline model generalize in a straightforward way. In particular,
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Proposition 1 is exactly the same in this more general framework, except I in the expres-
sion for the growth rate is no longer a parameter but a choice variable. The value function
is still additive across products and the value of a given product with efficiency g is given
by
¢—=1,¢
7T N X ZUt
Vi(q) = t(9) +-? (A-33)

CptotT(sQ-E) (01 pHTHE

Hence, the only difference to the baseline model is the term g_gl in front of I in the discount

rate. Using (A-33), the optimal innovation rate is given by

1

=10 =
_ (e (L et o=l ]
I(C (CPE P—|—T+5> 77! ' (A-34)

Because x is still given by the expression in (19), (A-34) determines I as a function of T and exoge-

nous parameters. Moreover, I is increasing in T and hence declining in 7.

A-1.3 Characterization of the Model with Bertrand Competition

In this section we derive the results for the model with Bertrand competition described in
Section 3. The only difference relative to the baseline case is that the static profit function
is given by (A-3), i.e.

Ay (11 .Hﬂ)H L% _
T (qlr Az) (1 u (Al)) H (Al) (Qt (MtAt)afl Nt. (A 35)

The value function is still additive across products, i.e. V; ([g;, Ai]) = Y1 Vi (9i, Ai). The
HJB equation for V; (g;, A;) is given by

Vi (q,4)  9Vi(q,4)
ag 1T oA

(rt+Tt+5)Vt(q,A)—Vt(q,A):m(q,A)Jrl{ A}+Et,
(A-36)
where E; = maxx{x<(thCD +(1—«) VtNV> - (Plxxéwt} with VP = [V;(Ag,A)dF; (q) and
VNV = [V, (wQy, ;%) dI (w). Note that for notational simplicity we denote the quality
gap for the creation of a new variety by ~%; to indicate that new varieties are able to

charge the monopolistic markup.

1
Note first that free entry and the definition of = still implies that x = (%%) “!and

B = gq);xlxgwt. To solve for Vi (g, A), conjecture that V; (g, A) takes the form Vi (g,A) =
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k (A) g7~ 'U; + M;. This implies that

Vi (q,4)
dq

Vi (g,4)

g=(c—1)k(A)g" *U; and A

A=K (A) ATt

Equation (A-36) thus implies that k (A), U; and M; solve the equations

-1

(re+7) My = My = =_- xowy (A-37)
and
KO (T —T(o—1+e @) U-1) = m(g,4)
= h(a) (g)w

where I (A) = (1 — ﬁ) H (A)l_g and g (A) = k;c((AA))A'

Along the BGP, M;A; is constant, w; o Y;/ Ny and U; grows at the same rates as %Q}_U.

This implies that gy = % = gw — (0 —1) go- Hence,

1\ 1y,
h) (&) e
r+0+t—gu+ (0—1)(g0—1I) — Ieg (A)

k(A) U,

The solution to the value function is therefore

u; = <1>01 (1 Y ond k(A) = n(A)

Q@) (MAYTIN P04 T—gat (0= 1) (g0~ 1)~ 15EE

—o—1

Along the BGP, r + 5+ T — gu + (0 — 1) (30 — I) = p+5+(q1 —1) (7 +6). Hence,

-
k (A) solves the differential equation

K(A)C—IK (A)A = h(A):mr:;iiAi}_”l’
c—1

—_

o—

where C = o+6+ (I— —1 +46). For A > -Z- we have k(A)C — IK' (A)A =
Y 1 Ui c—1

—
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oc—1

o 1 (o=1\C
L <ﬂ) .Hence, k' (A) =0and k (A) = %ﬁ For A < 7%, we have

ag

A—-1
AT

k(A)C—IK (A)A =

We can solve this differential equation together with the terminal condition k (:%7) =

” oc—1
—1(F)

TS Sad
Equation (A-37) implies M; grows at g, along the BGP. Hence, M; = 5 +i - 5%x€. To-
gether with w;Lp = AY}, the value function along the BGP is given by
o—1 P
_ 9 1 & 1 ¢-1. ]
Vt(q,A)_{k(A)<Qt> /\/l”*lA‘R/V—'—p—kT—HS o X° 5 Wi (A-38)

Using (A-38) we can derive the free entry condition. The value of creative destruction is
given by VP = V; (AQy, A). The value of variety creation is VNV = V; (wQy, -%;). The
free entry condition, is thus given by

1 VEntry_(Xk()\))\g_l—f—(l—ﬁc)k(L)wa_l EP 1 C_lxz;

t oc—1

@F wy MI-IAT J/+p+r+5 Px

Because M7~ AY can be calculated along a BGP, the free entry condition determines ﬁ—l;

as in the model with constant markups.

To see that Proposition 1 still applies in the model with Bertrand competition, note first
that creative destruction and variety creation are still given by T = a(z+x) and v =
(1 —a) (z+x). Moreover, the optimality condition for incumbent expansion x is still

1
given by (A-11) and the free entry condition still holds. Hence, x = <%%> “"' . These
three equations together with BGP condition g = # = v — ¢ are sufficient to derive
Proposition 1.

A-1.3.1 The Joint Distribution of Gaps and Productivity

In the model with Bertrand competition, the joint distribution of relative quality §; =
In (q¢/ Qt)‘F1 and quality gaps A, F; (A, §¢), emerges as a key endogenous object. To solve
for Fi (A, 4:), it is useful to separate the problem by focusing individually on products
with competitors (i.e. where creative destructions has happened at some point in the
past) and products without competitors (i.e. products which are still owned by the firms
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that introduced the variety originally). We denote these distributions by FC(A,4) and

FNC(4).2° They are characterized from the two differential equations o gtA A and aFNC( )

given in the main text. In this section we derive these expressions. We denote the mass of
products with and without competitors respectively by N© and NNC. Also recall that §;
has a driftof g3 = (¢ —1) (I — o)

Let FE(A,§) = NEFS (A, §) denote the mass of products with a gap less than A and relative
productivity less than 4, for products with a direct competitor. Similarly, let ENC(4) =
NNCENC(4) denote the mass of the products who have no direct competitor at time ¢ with

relative productivity less than 4. The evolution of FN¢(4) satisfies
F 1—ua exp (4
ENC(g) = (q ¢ ) (1= (r+8)0) + (_) TM( il (?)) )

where we have used the fact that the new product creation rate is 2-%7 = v;. As 1 becomes

small this leads to the differential equation

NC/( A NC(4 — i
B P i+ (0 anr (22 (asg)
ot 0 c—1
so that
@), ) vy 4 (18) 5 N p (exe (@
—= = —gqa—q_(Tt+5+77)Ft (‘7)+( 0 )TthNCr<a—1)'

This is the equation reported in Section 3.

For the mass of products with a competitor, F-(A, 4), we not only need to keep track of
the relative quality 4 but also of the quality gap A. This mass evolves according to the
differential equation

OFF(A,4) _  9FF(A,q) OFF(A,4) ¢
5 = A IN — g5 % F(Aq§)(tn+9)
+ 1i_>rn wF (s, — A) +TENC (G- A),

ZNote that we do not need to keep track of the quality gap among products without competitors because
markups are always given by -5
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where again we defined A = In A\’~1. Defining FX (A, §) = NCFE(A, §), we get

AF( A4 OFF (A, §
IFE(A,G) *() t(’ ClA &
—= = —AI 33 — 8 % —(n+d+n)F(A9)
. C Y NtNC NC 3
+ lim wF (5,0 = A) + [ BV ).

t

Note that both differential equations depend on NN¢/NC and N;/NN¢. NNC and NF
evolve according to

. 1— :
NN = Nr (18 SNNC(5 ) and NE = —oNE NN

NC 1
The steady state share of NC products is therefore given by Nth = %

=1-ua.

In the left panel of Figure A-2 we display the distribution F (A, 4) in a BGP. Multiple
forces shape this distribution. On the one hand, firms increase their efficiency g over their
life-cycle. This tends to generate a positive correlation between relative efficiency and
efficiency gaps. On the other hand, successful creative destruction events also increase
relative efficiency but reduce efficiency gaps and hence markups. Moreover, new prod-

ucts have - in our calibration - low efficiency (because w < 1) and high efficiency gaps.

In the right panel we look at the efficiency distributions of the different type of products
more directly. We depict the overall cross-sectional distribution of competitive products
in red and compare it to the efficiency of products conditional on having a quality gap
of A (blue) and to the products that just entered and are still without a competitor (or-
ange). The overall distribution dominates the distribution of new products in a first-order
stochastic dominance sense because new products have on average lower qualities. The
efficiency distribution, conditional on having a quality gap of A, is also lower because
some of these products are non-competitive products that just experienced their first cre-

ative destruction event.

We can also derive the distribution of efficiency gaps given in (28). Let F¢ (A) denote the
cdf of quality gaps among products with a competitor. The distribution F- (A) the solves
the differential equation

C NC
O (B) _ 5pcia)y+ (1— ES(A))r + I\IEICT.

t

IFE(A) e 1 ONS
T ReS =TI

Along a BGP, this distribution is stationary, the number of competitive products grows at
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Figure A-2: The Distributions of Efficiency g and Gaps A

(a) Joint Distribution of Efficiency and
Gaps (b) Conditional Productivity Distributions

8
L

6
L

4
L

Conditional Distribution

2
!

= Competitor Distribution:A=A
= Competitor Distribution:Marginal
= Non-Competitor Distribution

0
L

T T T T T T T T T T T T
4 35 -3 25 -2 -15 -5 0 5 1 1.5 2

el -1
= Transformed Efficiency q

-1 0 1
Transformed Productivity

Notes: The left panel shows the joint density of § (relative efficiency) and A (the gap between the leading product and the next best
product) in the calibrated BGP. The right panel shows the productivity distributions in the calibrated model for three types of products:
non-competitive products (orange), products which have just seen a creative destruction event and have a gap of A = A (red) and all
competitive products (blue)

rate # and NtNC/NtC = % Hence,

OFC (A)
A==

= —(6+n)FS(A)+(1—F(A)T+ T=—(6+n+7)F(A)+ %r.

Together with the initial condition FC (1) = 0 and the fact that %T =1 + 4, itis easy to

N/
I

verify that the solution to this differential equation is F¢(A) =1 —

/N
>
—

A-2 Quantitative Analysis

A-2.1 Data Description

Our main data is the LBD, which contains information for employment and age for the
population of firms in the US. In Table A-1 we report a set of descriptive statistics from
this data. The firm size distribution in the US has been changing. Between 1980 and 2010
average firm size increased from 20 employees to about 22 employees. This increase in
tirm size is mostly due to a change in the concentration of economic activity. As seen
in Panel B, the employment share of firms with more than 10,000 employees increased
and the employment share of firms with less than 20 employees declined. Finally, an
important mechanisms underlying these changes in the size distribution are shifts in the

age distribution. As seen in the lowest panel, young firms account for much lower share
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Table A-1: Summary of Data

Aggregate Statistics

Year Number of Firms Employees Average Employment
1980 3,606,457 73,753,303 20.04
1995 4,613,849 99,243,906 21.20
2010 4,953,425 111,189,088 22.15

Size Distribution

Firms with <20 Employees Firms with >10,000 Employees

Year Firm Share Employment Share Firm Share Employment share
1980 89.38 21.58 0.0002 2571
1995 88.95 20.74 0.0002 23.84
2010 88.88 18.8 0.0002 27.02

Age Distribution

Firms with <5 years Firms with >5 years

Year Firm Share Employment Share Firm Share Employment share
1980 13.84 % 38.50 % 86.16% 61.50 %
1995 13.12 % 35.34 % 86.88 % 64.66 %
2010 9.43% 30.02% 91.57 % 69.98 %

Notes: This table gives basic summary information about the firms in the LBD through time.
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of aggregate employment then they used to in 1980.

A-2.2 Computing the sales and markups lifecycle

In this section we derive the details of our characterization of the firms’ lifecycle of markup
and sales that we use to calibrate the model (see Section 4.3). In particular, we show that
relative sales by age of the product is given by

sp(ap) = E [piyi ) a,,} =pu (ap)l_g e(”’l)(l’gQ)“%’ﬁ‘Fl. (A-40)

Moreover we derive the distribution of product age ap as a function of firm age 2y and the
number of products N. Given this distribution we can then easily evaluate sf (a7) and

Hf (11 f) computationally.

Consider a BGP where M; and A; are constant. Equation (A-3) then implies that sales of
product i relative to average sales are

. ; -1 1 -1
o <[ (&) o) (i)

Because A and hence markups are a deterministic function of the age of the product,
#i = p (ap) = min {)LeI”P, %} - Similarly, Qy is given by Q; = 80" Q;_,,.

— piyi
Sp (Elp) =E |:Yt/Nt

Now consider the distribution of g; conditional on ap. This distribution is given by
P(qi < qlap) = P(q; < glap,CD) a + P (q; < qlap, NV) (1 - &),

where P (q; < qlap,CD) and P (g; < glap, NV) denotes the conditional probability, condi-
tional on the firm having acquired product i through creative destruction or new variety

creation respectively. Then

1

where F;_;, (q) denotes the productivity distribution at time t — ap. Similarly,

P(gq; <qlap,NV) =T (qe‘l‘”’#) .
Qt—llp
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Hence,

_ - _ . e*[llp _
£ o] = [ a8 (Je) + 0 m far (G0 = et

-1
so that sp (ap) = u (ap)' ™7 e(‘f_l)(l_gQ)“Pﬁ‘T_l (MiAJU (see (A-40)).

Life-Cycle Dynamics Relative sales and markups at the product level as a function of
the state variables A and g are given by

. . (0 o 1 1 q o—1
w@) =min{ T ab and o —spag = (s L)

. . . N
Relative sales and average markups of firm f as functions of the random vector [A;, q;]; :f 1

are then given by

Sft 1
Yt/Nl’ ZSP l’ql and Plf - Nf Z.u (Al) .

Expected relative sales as a function of firm age ay are given by

Ny
af] —E[ZSP Elp

|

where sp (ap) is given in (A-40). The last equality exploits the fact that conditional on

Sft B
[Yt/Nt af] N [EE sp (Ai,qi)| g, ap, Ny

product age ap, product level sales are independent of firm age ar and the number of
products Ny. Let f,,14 SN (apla,n) denote the conditional distribution of product age
ap conditional on firm age a; and the number of products # and recall that 7, (af) =
v (a f)nfl (1= (af)) is the probability a firm of age af having n products (conditional
on survival), where 7 (a) is given in (A-20). Then

s
f

E
[Yt/Nt

o] = =7 (0)) ([ 50 00) fia ovlag, ) dar ) o (0)"

Using the same logic, the average markup as a function of firm age a; is given by

Elpglag) = (1= (ap)) )} (/QPV(aP)f“PMffN (aplag,n) dﬂp) 7 ()"

n=1
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Figure A-3: Firm Exit Rates: Model and Data
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Notes: This figure presents a comparison of the exit rates by firm size in the model (blue) and the data (orange)

Given the density f,,14 PN (apla Iz 1), these expressions can be directly evaluated. In Sec-
tion SM-4 in the Supplementary Material we show how to compute this density.

A-2.3 Exit Rates by Size

In Figure A-3, we depict the exit rate for different size categories. Empirically, these exit
rates are declining. Our model implies that this exit rate is initially declining but essen-
tially independent of size for firms with more than 10 employees. The reason our model
has this counterfactual prediction is that (in our calibration) the thick tail of the employ-
ment distribution is driven by the distribution of product quality g and not the extensive
margin of product creation. Hence, large firms are firms with a few superstar products,
not those with many products. And because creative destruction is independent of prod-
uct quality, such firms are as likely to exit as other firms.

To address this counterfactual prediction, in Section SM-3 in the Supplementary Material,
we extend our model to allow for type heterogeneity, whereby some young firms (some-
times described as “rockets” or “gazelles”, see Sterk et al. (2021)) grow systematically at
a faster rate. This extension improves the model’s fit along this dimension substantially,
because some large firms have many products and are thus unlikely to exit, but changes
little else in the theoretical analysis.

A-2.4 Decomposing the Impact of Falling Population Growth

Our analysis in Section 5 showed that the experienced and projected decline in popula-

tion growth increased firm size and markups. In principle, these patterns can be due to
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changes in the age distribution and changes in firms’ size or markups conditional on age.
In Figure A-4 we show that the lion share of these changes is due to changes in the age
distribution. We show the exit rate by age (left panel) and the sales life-cycle (right panel)
both in the original BGP (blue) and the new BGP when population growth is 0.24% (red
line). While both the age conditional exit rate and the life-cycle do change, the changes
are qualitatively small. By contrast, the age distribution, which we display in Figure A-5,
shifts substantially. And because older firms are larger and exit at a lower rate, such
shifts in the age distribution explain most of the observed change in concentration in our
model. This result is consistent with the findings of Hopenhayn et al. (2018) and Karahan
et al. (2019), who document empirically that the age-conditional allocations have been
relatively constant since the 1980s.

Figure A-4: Decomposing the Impact of Falling Population Growth

(a) Exit Rates (b) Lifecycle of Sales
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Notes: The left panel shows the model prediction for firm exit rates by age when population growth is 2% (blue) and 0.24% (red). The
right panel shows the same for sales growth.
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Figure A-5: The Impact of Falling Population Growth on the Age Distribution
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Notes: The figure shows the age distribution when population growth is 2% (blue) and 0.24% (red).
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Supplementary Material for “Population Growth and
Firm Dynamics”

[NOT FOR PUBLICATION]

SM-1 Deriving a Sufficient Condition for ./ to Increase in Re-

sponse to Falling Population Growth

The two equations in (A-16) and (A-17) characterize .#” and (" as a function of population growth 7.

In this section we show that
qO’—l 1
> — (SM-1)
1—a

is a sufficient condition for .4 to be decreasing in 7. We also show that (SM-1) is the tightest condition

one can derive without further restrictions on the innovation cost function.

Using (A-16) and (A-17) we can solve for .4 explicitly as

qufl q(rfl
1 1 ( -1 x )p+_1a5+<1w1>;7 n+o (-1
—=—[1- + 5k
N PE

B ¢ p+0+ 150 7t (p—1) I—a

—r—1 =
Clearly ./ is decreasing in 77 if I— — 1 > 0. Hence, consider the case I— — 1 < 0 and define

—=o—1
A=-— (q - 1) > 0.
1—a
Substituting A for 7! yields

111 -1 x o+ (1—A)6— Ay -1
N ¢r ll—oc((l 4 p+ﬁ5+ﬁn> (1-4)(p—1) +”+5) 4 x]'

Hence, define the function
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min) = (1_5—1 X >p+(1—A)5—A17+;7

0 p+id+in) (1=-48)(n—-1)
p—l—(l—A)d—An_C—l X p+(1—A)5—A17+
1—A)(p—1)  prloroy A-Mw-1n T

A is decreasing in 77 if m’ (7) > 0. Taking the derivative yields

/ 1 (-1 Bpt+ihpt+ 50

") = e | 2 (0 + ko + 1)

s+ (1-A)p—1

oc—1

Note that1 — A = ? > %= > 0. Hence, we require that

-
(-1 Bpt+1pt 1)

(p+ 0+ 25)

g S+ (1—A)p>1

Now note that x is only a function of the innovation technologies ¢, and ¢g. Hence, by choice of
these parameters, we can make x arbitrarily small. The tightest sufficient condition is therefore given
by

1-a)y=1_>

SM-2 The Mechanism: Demand or Supply?

In our baseline model, population growth impacts the economy on both the labor supply side and

via aggregate demand. In this section we extend to our analysis to distinguish these two forces.

Environment

Consider the following two-sector economy. Sector 1 is exactly the same as in our baseline model.
Sector 2 is comprised of a representative firm with a production technology Y; = A;H;where H;
denotes the number of workers in sector 2. Aggregate productivity in sector 2, 4;, grows at an
exogenous rate g 4. To distinguish between supply and demand, we assume that the total population

consists of two separate types of people. A mass L; of people can only work in sector 1. This mass
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grows at rate 77. A mass H; of people can only work in sector 2. This mass grows at rate 7. We
assume that all individuals have identical intra-temporal Cobb Douglas preferences c; = c{,cs; ’. The
L; workers in sector 1 have the same preferences as in our baseline model and engage in borrowing
and saving for inter-temporal consumption smoothing. For simplicity we assume that workers in
sector 2 act as hand-to-mouth consumers and simply spend their labor income in each period.

We let k; denote the equilibrium wage in sector 2 and S; the price of sector 2 goods. The real price

index of the consumption bundle ¢; = clftc%t_19 is thus given by

(P, 0 S, 19_ 1\? S, 0
Pf‘(@) (1_19) —(@> (m) : (5M-2)

where P; denotes the price index in sector 1, which we for comparability with our baseline model

take as the numeraire, i.e. P; = 1.

The Value Function and Free Entry

We now derive the value function of firms in sector 1 and the free entry condition. Suppose aggregate
demand in sector 1 was given by D; with D;/D; = gp. Total profits per product are then given by

1 1 1
e (yﬂ )W” - (y T )p}f_mt - (yu )”I_Uqg_lw}_apt' M9

The value function of an individual product is thus given by

nVi () — Vi (g) = 7 (q) + fa"g—é‘”q (e 48)Vi(q) + B

Free entry still implies that =; = (P;xlxé w;and x = (%%) ﬁ,

Following the same steps as before, one can show that along a BGP the value function is given by

<V__1) ylfo'w}_o'ptqafl Exgwt

Vi (q) = ‘ P .
(@) r+174+6—gp—(c—1)(I—guw) +r+r+5—gw
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Hence, the expected value of product innovation is given by

VI = a [Vi(Aq)dR () + (1 - ) [ V(@) dr (w)

—1 _ _ _ _ o
(”7) W Twl Dy (7Q0) by

r+t+5—gp—(c—1)(I—gw) +r+’c+(5—gw’

1
where as before § = <uc)x‘7_1 +(1—ua) 5‘7’1> "' . Free entry thus requires that

-1 L o—0— _
1 B VtEntry B (VT> ,111 thf 1 'Dthfl %x(:

®E wy r+1+6—-gp—(c—1)(I—gw) wY r+T+6—guw

1
The fact that the final good is the numeraire still implies that w; = %QtNt“’l . Given aggregate spend-
ing D, it is still the case that production workers in sector 1 receive a constant share of aggregate

sales. In particular
p—1 p_1
Ht = /nit =\ — Dt and tht = —Dt.
i H H

Substituting this into the free entry condition yields

-1z
Px X

r+1t+6—guw

1 (n—1g"" oL
¢or r+T17+6—gp—(c—1)(I—gw) N;

Note first that along a BGP it is still the case that L]/ N; is constant and variety growth is tied to the
rate of population growth

EN =11

This directly implies that like in our baseline model

o o
v=y+4 and T—l_aV—l_a(17+5).
And because x is still constant
T 1
= —xX=— o) — x.
z " X 1—¢x(17+ ) —x

Hence, all the results about the effect of population growth on the firm size distribution, entry and
concentration are exactly as in our baseline model. This highlights that the relationship between
population growth and the firm-size distribution reflects the effect of demographics on labor supply.
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We can also solve for the rate of discounting along a BGP. Because total spending by sector 1 workers
grows at rate g, the Euler equation requires that g, = r — p. Also note that w;L! o D; implies that
gp = gw + 1. Finally note that g = go + >17gn as before. This implies that the value function V; (g)

is given by :
o
n=D(&)  wrp G
Vi(q) = 77! Nt  p+71+6
p+o+ (1—« —1)1/

This is the same equation as in the baseline model. Given that the resource constraint is unchanged,

the variety intensity .#” and the production share ¢ is also the same as in the baseline model.

Income per capita growth

In our baseline model, real consumption and income growth was given by

o e — ot 1 (7 - . g7 1 -1 ) '
8y = 8¢ = 3w = &Q (7—1gN_ c—1 1—« c—1 1—« ’

and hence directly tied to population growth 7. In this multi-sector environment, additional forces

are at play. Because per-capita spending of workers in sector 1, P;c;, grows at rate gy, real consump-
tion grows at rate

8c = 8w — &P- (SM-4)
Given the expression for the price index P; in (SM-2), gp = 8gs,where g5 = g—i denotes the growth

rate of prices in sector 2.

To solve for the relative price in sector 2, S¢, note that total spending by agents working sector 2 is
trivially given by D = k;H;. The workers in sector 1 are subject to a dynamic budget constraint.
Along a BGP, total expenditure per capita grows at the rate of the wage wy, i.e. DI = yw;L;, where x
is constant. Market clearing in sector 2 thus implies that

StAth = kth = (1 — 1.9) (DtL + Dl{{) = (1 — 19) (XZUth + kth) P

so that the wage in sector 2 is given by k; = 1%9 )(thL{—tt. This implies that

1 11-9 Ly

k= -t
At t 7

St = A, 9 g,
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so that
§s=—ga+gw+n—n

Real consumption growth in (SM-4) is therefore given by

g = &w—(1-10)gs
= 19gw+(1—19)(g,4+77H—17)

_ q(f*l_“ 1 7071_1 5 B H
= 19(( 1 >1—o¢+< -1 |1t ta 19)<g,4+17 ’7)'

Hence, in this multi-sector extension of our theory, both productivity growth in sector 2, g 4, and

relative population growth 7 — 7 determine the growth rate of real consumption. Both enter pos-
itively and are a source of welfare growth. Productivity g 4 reduces the price of sector 2 goods and
hence benefits workers in sector 1 in accordance with the expenditure share 1 — ¢. Similarly, relative
population growth 7 — 7 is a source of welfare growth. If labor in sector 2 becomes more abundant,
relative wages in sector 2 fall. This benefits workers in sector 1 again through falling prices.

SM-3 Firm Heterogeneity: Young Firm Rockets

Very young firms tend to grow fast even conditional on survival. Luttmer (2011) discusses how a
violation of Gibrat’s law is needed to deliver the relatively low age of very large firms: to match
the data, there must be a mechanism whereby young firms can grow quickly for a time. A similar
reasoning is also discussed in Sterk et al. (2021). In our baseline model, such a mechanism is absent.
Young firms do indeed violate Gibrat’s law in the model, but this is only because of survival bias.
Here we discuss the implications for the effects of a population growth slowdown of introducing a
subset of young firms that act as “rockets”, growing and innovating quickly for a time, before their

growth rate slows to look like other ordinary firms (see also Acemoglu et al. (2018))

Suppose that when a firm is born, it can be a rocket (R) or slow (S) type. The only difference between
the two is the speed with which a firm can invent new products, such that x = {x®, x°} To highlight
the central differences with the main model, we take these rates to be exogenous. In addition, assume
that a rocket firm transitions into being a slow firm at rate ¢. For exposition, assume labor is perfectly
substitutable between research and production, and the rate of own product improvement I is fixed.
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The value of such a firm can be written

nVE (AL g]) = 7t ([Ai,qi]) + Vi ([8i,41])

I

(x+6) [V ([8)01)1) =V (1B5,41)]

R A
(Vi ([Az,qz])q],
dq;

1=

+

1
L

M-

Il
—_

+
]

+n mfx{x [(x /q VtR ([Ai,qi],1,Aq) dF; (q) +
(=) [ [ V(801 8,0Q) dGA)IT (@)

VR ([a;, qi])} — q)legwt}

X

E(VE ([0 1)) — VR (D5, q])-

with an analogous equation holding for V;°. Suppose lastly that entrants cannot choose whether they
are going to be a rocket or slow, but become a rocket at entry with fixed probability x. It can be shown

that under these assumptions, the solution to the value functions are

n

VR ([Aiqi]) = Z Uy (A, q:) + ngRw;

Where
u (A;) 97 'Y,
g —=1)+p+T+—17 (MA)IN;QI 1

ut (Ai/ Qz) -

and ¢R and ¢° are the solutions to

1 1
(0+7+8)pR = xR [@ R (R - 4)5)} o OOy
(0+T+8)¢° = x5 [q,i k(R - 4>5>} - %(x%é

The share of rocket firms vR in the population depends on the entry rate, and so changes in popu-

lation growth will affect the average rate of incumbent expansion. To see this, note that the share of
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rockets firm YX, of age a at time tdenoted is given by
YR, = ke™¢4

where YRtand so the share of rockets in the economy is given by integrating this object over the age
distribution. The age distribution is defined by the following two pieces. First, for fast firms the
fraction of firms with n products evolves with age a as

pi (a) = (n=1) 2R pi_y (a) + (1 +1) (v +0) plipa (@) = (xR 4+ 7+8) pl (a) = 2k (a). (SM-5)

Because exit is an absorbing state, pR,, (a) = (T 4 J) pX () . The fraction of firms that have survived

by ais SR (a) = Zli’ff—%i()) Similarly for slow firms, we have

pi (@) = (n=1)x%p5 1 (a) + (n+1) (T+8) py (a) =1 (x° +7+0) pj (a) + 5 (a).

with ;550 (a) = (t+9)p; (a) and S° (a) = 100 ”Og () The total fraction of surviving firms is then

given by

)’
S(a) =1—«SR(a) — (1 —x)S5(a).
The age distribution can be obtained from calculating the density of firms by age using

(1 —a) zNoet =S (a)
[Zo (1 —a)zNoelt=2)S (a) da

Wt (ll) =

B e 1S (a)
[2,e71S (a) da

Then the share of rockets in the overall population of is

o0
R :/ ke %%w (a)da
0

The share of products that are owned by rockets however, is not quite the same thing. This is given
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T gt
PS Jo 1p ;a)(n) S(a )d“+PS fo =1 1p"r§a)(n)wR(“)d”
) oR [ Ty AU R (a)da
(1= 0R) 57 Eiy L8 S (a)da + 0 (7 Ty LR (a)da

where the numerator is the number of rocket firms times the average products of a rocket firm.

Creative destruction in this economy is given by

T=ua <z +oRxR 4+ (1 - @R)xs)

However, it is still the case that

bt
T=1 ——(n+9)

So while changes in the age distribution will affect the share of rockets in the population, the overall
effect on growth is the same as the baseline model. To characterize the equilibrium with rockets, we

close the model with the labor market clearing condition

1
Li=LY +LR=LP+ N, (—Zt—l-
PE

as

1—4’) 1 R R (1—29R)
= —z4 — () L (x%)°.
(c/Vt PE (P§( ) 3 &)

Free entry requires that

LZUt =xa [ VR(A,q)dF(q) +x(1—a) / V& (A, Qi) dG(q)
(03

+ (1= [ VS (q)dR(q) + (1-x) (1~ ) [ VS (B, Qi) dG(g)

au(MA 1+ (1 — w)u(@)@ ' LP/N;
= 1 .
gD tptrisn  (Myriag? Tor 1 =x)gs
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where in the exogenous I case, we can solve for #(A) from the differential equation

(c—1u () +u' (A)A

() =)+ T s prr -1

SM-3.1 Pareto Tail in the Product Distribution

Now we the following law for the evolution of the rocket distribution. Consider n > 2. Then, the

number of rocket firms with each number of products n evolves according to

a'JF(n):Euf(n—l)(n—l)?ﬁ+wf(n+1)(n+1)(T+(5)l— Euf(n)n(r%—x—l—é)/ - C\_wf(n')/
~~ ~~ ~~ N
From n—1 ton products From n+1 ton products From n to n—1 or n+1 products  Transition to slow

For n = 1 we have
OfR (1) =xZ + ol (2)2(t+6) —wf (1) (T +x+9).

Along the BGP the mass of firms grows at rate 7. . Hence, the mass of firms is increasing at rate 7.
Hence, along the BGP we have
Ry (n) = nef (n).

Along the BGP, {v (n)};,_; is determined by

R (t+ 2R +0+y+¢) — 5
2(t+9)

R (2) = (SM-6)

and

vRm)n (t+xR+6) +vR(n) (n+¢&) —vR(n—1) (n—1) xR
(n+1)(t+9)

Rn+1) = forn>2  (SM-7)

Again we can apply the result from Luttmer (2011) and the Pareto tail is given by

n+¢
xR—7 -6
n+¢
xXR— 2 (p+06)—90

Cn =

and we again have the result that lower population growth lowers this tail coefficient. Note also
that a smaller transition rate ¢ reduces the Pareto tail, that is concentration in the top rises as rockets

transition into the slow types at a slower pace.
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SM-3.2 Exit Rates by Size with Firm Heterogeneity

The introduction of type heterogeneity substantially improves the fit of the model against the data
on exit rates by size. Simply put, this heterogeneity allows some firms to grow large by adding more
products, an outcome which is relatively rare in the baseline model. Because of diversification across
products, this lowers the exit rate for large firms (whereas in the baseline model, the overwhelming
majority of large firms are so because they have a single, high g product). Figure SM-1 shows an

illustrative calibration of the model with rockets, demonstrating a declining exit rate with size.

Figure SM-1: Exit Rate By Size with Rocket Firms

154 I Calibrated Model
I Data in 1980

Juy
(=)
1

Exit Rate(%)

6]
1

1to4 5t09 10to19 20to99 100 to 499 500 to 999 1k-2,499
Number of Employees

Notes: This figure shows the exit rate by size in an illustrative calibration of the model with rocket firms.
The transition rate is set to & = 0.25, and the share of rockets at 0.1. The innovation rate of rockets xX is
chosen to match average sales growth by age 10 from the LBD, as in the main quantitative section, while
the rate of slow firms is set to 0.1.

SM-4 Calculating the conditional density f,, 4.~ (aplas, n)

We now derive the conditional density of product age ap, f;, 4 PN (apla fr n).

For illustration, we first derive the expected age of the products in a firm’s portfolio as it ages. To do
so, consider the mass of firms with n products at age A. We are going to derive the law of motion for
the total number of years the products that this mass of firms owns have been alive (think of products

accumulating years for every instant they have been alive). Call this object ¥ 4 (1), where

Ya(n) = Ay (n)n IE 4 [a|n]
S——— S——
Total number of products by firms of age A Average age of products of firms of age A and n products
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The pool of total years ¥ 4(n) is equal to the number of firms of age A with n products, denoted
A 4 (n), times the number of products they own 1, times the average age of all those products [E 4 [a|n].

We are going to consider how this object evolves through a discrete time approximation. For a small
time interval ¢,

Ealan]|Aa(m)n = (Ea_[a|n] + )Aa_,(n)n(1 — (T+ 6+ x)nt)

.

drift from existing mass

Fix(n— 1)Aai(n - 1>(<n C)Ea_aln —1]))

(. >

flow in from n-1 firms

+iut+o)(n+1)As_,(n+1) <nlEA[[a|n + 1]>

N J/

flow in from n+1 firms

The first term in this expression is the drift in total years from an increment of time ¢, multiplied by
the fraction of firms who don’t drop or gain a product in this increment. Intuitively, these products
age with a unit drift. The second term is the flow of total years into the pool ¥ 4 (#) from the mass of
firms with n — 1 products who are each gaining a product. Importantly, while they bring n products
each into the year pool, only n — 1 have a positive age, and their average age is E4_,[a|n — 1]. Lastly,
the third term is the flow from the mass of firms with n + 1 products who are losing a product. They
bring n products with average age [E 4 [a|n + 1] with them.

Rewrite this as

‘PA(H) — ‘I’A_[(n)

= Aa(n)n — (T4 6+ x)nEy_[aln]Aa(n)n
+x(n =)A= 1) (5 = DEfabn — 1)

+(t+0)(n+1)Aa(n+1) (n]EA_,[a|n + 1])
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so that

Ya(n)
dA

=Aa(nm)n— (t+ 6+ x)nEfaln]As(n)n
+x(n—1)As(n—1) ((n —1)Ealaln — 1]))

+(T+(5)(n+1)AA(n+1)(n]EA[a|n+1]> (SM-8)

This gives us a set of equations for the evolution of ¥ 4(n) for all n > 1 that can be solved computa-

tionally given initial conditions. We also need one for n = 1, which comes from

dE4[a[1]AA (1)1
dA

— A1) = (T+ 6+ X)Ea_[a]1]AA(1)
(T4 8)2)AAQ) (IEA[am)

The initial condition is that Eg[a|n]Ag(n)n = ¥o(n) = 0 for all n. The equations we solve computa-
tionally are

Ya(n)
dA

=Asmn—(t+6+x)n¥s(n)+x(n—1)¥Ya(n—1)+ (t+6)n¥a(n+1).

Lastly, to recover E 4[a|n] after computing ¥ 4 (n), note that A (n) = Fopa(n), where F is the initial

number of firms, and p4 (1) as above is the probability that a firm of age A will have n products, for

Ya(n)
Ag(m)n’

which we have closed form expressions. Then E4a|n] = Finally, to compute the expected

age of products for surviving firms of age A, we have

Eala) = 3 Ealan 240

We use this object in computing markups and sales by firm age, since product markup is a determin-
istic function of product age.

Full Product Age Distribution

Consider the object X4 ,(a) = Aa(n)n®, ,(a), the total number of products with age less than a
by firms of age A with n products. Recall that A4(n) is the total number of firms of age A with n
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products. Define ®4 ,(a) as the probability that a product of a firm of age A with nproducts is less
than or equal to a. This evolves as

XA,n (a) = AA—z(n)q)Afz,n (a - L)Tl(l o (T +o+ x)nl)
+uw(n—1)Ay_,(n—1) ((n — )Py, p-1(a) + 1)

i+ )+ DAL+ 1) (1241 (o))

Note the difference on the second line now, because the new product has age 0 < a.

Write this as

Xan(a) = Xaynla—1)
L

(4 0+ XnXa_u(a—1)
+x(n—1)As_(n—1)+x(n—1)Xs_,,—1(a)
(T4 OnXa e (a) (SM-9)

XAn (‘1) — XA—in (a) + Xa—in (LZ) — XA—in (‘1 - l)
L

— (r X —1)
+x(n—1)As_,(n—1)+x(n—1)Xx,_1(a)

+ (T + 5)TZXA,H+1 (ll)
which goes to

aXA,n (ﬂ) i E)XA,n (Ll)
J0A da

=— (T4 35+ x)nXan(a)

T x(n = )AA(n — 1) +x(n — 1)Xp,1(a)
T (T+8)nX a1 (a) (SM-10)

In Figure SM-2 we depict the average product by firm age (left panel) and the probability of having
n products as a function of age. The left panel shows the effect of selection on the average product
age of multi-product firms. Conditional on the age of the firm, the average product is declining in
the number of products because newly added products are - by construction - younger. In the right
panel we show five “slices” of the joint distribution of age and the number of products. One-product

firms are mostly young firms as all firms enter with a single product. Old firms only rarely have a
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single product as they either grew or exited already. The remaining lines show that older firms are

more and more likely to have many products.

Figure SM-2: Product Age and Firm Age

(a) Average Product Age By Firm Age
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(b) Probability of Product Portfolios By Age
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Notes: Panel (a) of this figure plots the average product age for a firm of n products for n = 1,...,5 as the
firm ages in the calibrated model. These objects are computed using the productivity distribution X4 ,,(a)
(see (SM-10)). Panel (b) plots the conditional probability of a portfolio of n products for n = 1,...,5 in the
calibrated model for surviving firms by firm age.
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Figure SM-3: Estimating the tail of the firm size distribution

Tail of the firm size distribution
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Notes: The figure plots In P (l > x) against In x for different years. The data is taken from the BDS.

SM-4.1 Estimating the Pareto tail of the employment distribution

One of our target moments is the Pareto tail of the employment distribution. The distribution of firm

employment at time ¢ is - for large firms - given by P; (I; > x) = (7 / x) * . Hence,

InP; (Iy > x) =6 —¢lnx. (SM-11)
In Figure SM-3 we show the empirical relationship between In P; (I; > x) and In x for different years.
As predicted by (SM-11), the relationship is almost perfectly linear and stable across years. When we

estimate (SM-11), we find ¢ ~ 1. If anything ¢ is slightly smaller than 1. To keep average size
bounded, we require ¢ > 1. We therefore opt to calibrate our model to a tail of 1.1.

SM-5 Computing the the cross-sectional size and age distribution
(Section 4.4)

In Section 4.4 we reported the model-implied distribution of firm size and firm age. We now show

how to derive these objects.

SM-5.1 The cross-sectional size distribution

We have expressions for the probability distribution of number of products by age p;, as well as the

age distribution of firms. So the final piece is the distribution of employment conditional on firm age
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and number of products. To do so, define

o—1
qi Lt —c A ql—0
L =i (Qt) Nt M

as the random variable of employment at the product level, conditional on the firm having age of A
and n products. Conditional on the age of the firm and the number of products, the distribution of
I 4 » is independent across products, so we derive the distribution of the sum of these objects through

a convolution. For the first product

o—1
Prob(lp, <y) = D} ,(y) = Prob(In (g ) <In(y) +In(yf) —In (%A;UM}—U)
t t

Now note that 4 = A = Ae!® for a below the critical threshold. Define the joint density of (log)

= [1 [ sy

with associated conditional density f qc‘ A(7|A) and conditional distribution function F; C A(4|A). Lastly,

productivity and gaps ¢ (4, A)from

denote the distribution of productivity for the non-competitor mass as FN¢(4§|a). leen that incum-
bent innovation is constant for non-competitive products, the law of motion for the mass of products
ENC(3) at age a is given by

FNC (4 NC(4la ) )
e 0 S0 1) (1(8) - ) - B @)+ )

with initial condition F}Y ) =T <eXp U )> From this we can compute the conditional distribution of

productivity FNC(4|a). With these pieces we can compute the distribution of employment as

Dhu(y) = [ 4.4, (@)FC(log(y) +10g(u") — clAa)
1 (7 ()P (t0g () + log(7°) — clA(a))

a

A
+/0 A 4, (a))FN (log(y) +log(n%) — cla)
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where ¢ = lo g(ﬁf—i/\t_ 7 M}77). Now we have the distribution of this object, we can define recursively
the distribution of the sums of employment across products from a convolution. Define qu 0 =
2;21 I, ~and then

. de 1
P(Z,,<y) = / / *)dD (dx )dxt;lz

for j > 2. Then, for each age of the firm we can define the conditional employment distribution as

pn(A) n
<
PrOb(Ef > ]/|ﬂf = A) n§—1" 1 Po( q)DA,n(y)'

SM-5.2 The cross-sectional age distribution

Let Yy, be the number of firms who are a years old at time t. The total number of firms at time ¢ is
then given by Y; = f :io Y:.da. Let E; denote the number of entrants at time 7. Then

Yt&l = Et,a S (ﬂ) .
N
Entrants Survival

Note also that the number of entrants is given by E; = zN;. And as N; grows at rate 77, we have
E+ = zNye'l'. Hence
Yi, = zNoe =95 (a).

The density of firms which are a years old is therefore given by

¢g (p+n)a
W (@)=Y _ zNoe" )5 (a) ¢+x<1 )
: Y; [.2 0 zZNoet=0)S (a) da _pe e,

f 01p+x1 e ¥ a

where the last line uses (A-22).

SM-6 Exit rates by size

To compute exit rates by size (show in Figure A-3) we can compute an exit rate per product. Then,
the probability of having a number of products n by age A of the firm, conditional on being a certain
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size y (between | and uemployees) is

Prob(l <y <u|A,n) x P(A,n)
<y < =
Prob(A nll <y < u) Yu Y Prob(l <y <u|A’,n'") x P(A’,n')

The joint probability of the age bins and number of products is P(A,n) = p,(A)w; (A). Then we

can construct the probability

Prob(l <y < u|A,n) x P(A,n)
Yar Yy Prob(l <y <u|A’,n") x P(A",n’)

Prob(n|l <y <u)=)_

A

where we are using discrete A bins to compute this object. Once we have the conditional probabilities

of numbers of products by size bins, we can compute exit rates by size bins, since exit only depends

on the number of products. The exit probability for each number of products n can be calculated as
follows.

The probability of losing k products in an interval A if you lose each product at rate T + J is

Pn (k, T) — e—TnA((T_|_k—5!)nA)k

The probability of winning m products in an interval A if you expand at rate x

(xnA)"
m!

Sn (m, x) _ efan

Hence, the probability of exit when a firm has n products is

Prob(k—m>=mn) = Ey[Prob(k>=n+m)]=Eu| Y. pu(k (T+95))
k=n4+m+1
) m oo k
— Z e—an (x:ZnA') Z e—*mA((T +:!)nA) )

m=0 k=n+m

SM-7 Computing the Transitional Dynamics
In this section we characterize the transitional dynamics of our model. In Section SM-7.1 we solve

for the value function without imposing the economy to be on the BGP. In Section SM-7.2 we char-

acterize the value of entry during the transitional dynamics. In Section SM-7.3 we use the free entry
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condition to characterize the differential equation for the free entry equilibrium during the transition.
In Section SM-7.4 we derive the characterization of the system of equations that fully characterize the
transitional dynamics. In Section (SM-7.5) we derive the differential equation for the joint distribu-
tion of quality g and quality gaps A, Fi (g, ), that we need to compute the evolution of markups

along the transition.

SM-7.1 The value function

As shown in Section A-1.3, the value function is additive across products and the value of a single
product with quality g and quality gap A is described by the HJB equation

. aVi (g, A Vi (g,A)IA . —
Ve (,0) = Vi (0,8) = m g, 0) + (LS + THERE g - (n+0) Vig,0) + =

where

1 1-o ( qi )0_1 1 Lp
i) = (1=—= |1l . e N W
7 (i ) ( Iz (Az’)> pA) Qt MIING N

Note that aa_g = %A. Also note that the free entry condition still implies that &; = (P;legwt. Hence, the

HJB equations reduces to

. Vi (g, A Vi (g, A —
Ve ,8) = Vi0,8) = i g )+ (D g 1 TEERN 1 (14 6) i g,0) + £ b,
q oA Px
where g = I.
Now conjecture that the value function takes the form
q -1
Vi(q, D) = (§> U (A) + M;. (SM-12)
t
This implies that
Vi (9,8) | Vi(gA), 9\
g A= (@) e @) (F) U@,
where Ul (A) A
er (A f SM-13



Using the conjecture in (SM-12), the H]B simplifies to the following two equations:
1. The function M; in (SM-12) solves the differential equation

(-1

(I’t + T+ 5) M; — Mt = xgwt

Px

2. The function U; (A) in (SM-12) solves the differential equation

1 Lp

(rt+Tt+(5+ (0'—1) (gQ—I) —IEt (A)) Ut (A) — Ut (A) :]’Z(A) Wﬁtw

t

where

ha) = (1—@);{(@1v:(umi)—l):ryﬁiﬁ}—)g

and &; (A) is given in (SM-13).

SM-7.2 The value of entry

The value of entry is given by

1
c—1

v = e [ R ) +0-a) [ (w0,

J/

) ar (wz

CD with gap A and quality Aq New variety with gap =% and quality wQ;

E
Vt ntry

Using the conjecture in (SM-12), can be written as

VY = gAU (A) + (1 — ) @7 (U i 1) + M;.
Entry
Upon defining vf"try = VtTt , My = %f and u; (A) = %f), we get
vf””y = oA (M) + (1 — )07y, <%> + my (SM-14)
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where m; solves

-1
(re+ 7+ 6 — gw) my — 1ty = CfP x¢ (SM-15)
X
and u; (A) solves
, 1 Lp
rt+1+0—gwt+(c—1 —I) —Iet (D)) us (A) — i, (A) = h(A) ———— (SM-16
(140 = g+ (0= 1) (g0 = 1) = e () 1 (4) ~ i (A) = h(A) o o (M1
1
= h (A) fﬁﬁf,
MITTA7
where {; = I%I—ft and s’ = LL—T
SM-7.3 Free Entry
Free entry requires vfntry = 1/¢g so that
1 -1 —o—1 v

.Entry

This also implies o, 0. From (SM-14) this means i; and 11; satisfy the restriction.

0=aA’ i, (A) + (1 —a)@w”" iy ((7 i 1) + ity
Together with (SM-15), we can use this restriction to solve for m; in terms of u; as

S )

- -1
e e+ T+ 06— g
Substituting this in (SM-17) yields
1 e (gt (A) — i (M) ) (SM-18)
PE n+n+6—guw

i, (=2 -1 ¢
+(1_“)w(771 Et( o )_ —t(afl) +€ X )
c—1 "+ T+ 06— Qu Qx Tt+T+0—Quw
where u; solves the differential equation (SM-16).

Note that two discount rates appear in these equations.
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1. Firstwehaver;+ 1+ — gw + (0 — 1) (gQ — I) in (SM-16). This can be written as

r+n+o—gu+(0—1)(g0—1)=p+gr—8r—1

4 0
+ <50—1+/\0—11_a> 54+ (50—1_1_}_/\0—11_“) g’{\]/

where g = At/ Arand g;p = L /LY. Using s? = LF /L we havegsf = g;» — 11. Hence,

ntTt+d—gut(0—-1)(go—1I) =p+gpr—8a
—o—1 c—1_ & —o—1 o—1_ & N
+(w +A —1_a)5+(w 1+A —1_a)gt,

2. Second we have the expression r; + Tt + 6 — g in (SM-18). This can be written as

(14
T+ 8w = pHEp—gat 8Nt o

SM-7.4 Final Dynamic system

We now derive the final characterization equations characterizing the transitional dynamics. Note

first that labor market requires

1 Nis —1
¢ (1—sf>zﬁ(g{_+a _gC x), (SM-19)

where ¢; = £ and s = L2t The free entry condition (SM-18) reads
Ni t = L y

i = 1){)\‘7—1 u, (/\) . Uy (AZ N -
PE P+ 8P —8AT 1581 T 1=
g, (-2
+(1—a)w” ! (gt (ail) — = (‘T_i) NI ) (SM-20)
P+8r —8A+ 158 + 19
_ ¢
Nl x (SM-21)

Px P48 —gn+ T8 + 250
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where u; (A) solves

(p+g55—gA+<w AT 11f >5+( —14 A7 11“ )gt)_t(A) (SM-22)

aut( ) . 1 P
A A_Et(A):h(A)Wgtst

~I (SM-23)

This is a differential equation in A and ¢t. We have two terminal conditions. For A > —%; we have

" o _U;il_l_ 1 l—ai_(o,_l)afl
c—1 _(%)”_ oc—1 o’ a7

and % = 0. Furthermore, we have that
0.

e L % {5t is constant in the steady state so that iz, (A) —

The transitional dynamics of the system is a path of {¢;, s’} ; that solves the equations above. Note

that given { ¢, s!'} ;» we can calculate gN from SM-19. Given ¢ we can calculate 7; and g as

T o= s - - (&N +9) (SM-24)

(go—1)(c—1) = ((/\‘7_1_1> : e

—

I 1) (gtN + 5) : (SM-25)

As we show in Section, this is also sufficient to compute {/\/lf_lA‘[}t and ga.

SM-7.5 The Evolution of F; (A, q): Calculating { M, A},

To calculate M; and A we require the joint distribution of productivity g and quality gaps A, F; (A, q).
Note that M; and A; only depend on g via (g/ Q)‘T_1 . Hence, it is useful to characterize the distribu-
tion of F; (A, §), where §; = In (q;/Q;)" *. Let FE(A, §) denote the distribution among products that
have a competitor and FNC(4) denote the distribution for products without a competitor.2® Let NF

. C .
and NNC denote the mass of these products. Let FC(A, §) = FC(A, Q)NWZ and ENC(4) = FNC(q) N

26Recall that we do not need A for the non-competitor products as they all have a markup of Z-1
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If we have the full evolution of { N, FF (A, §), ENC(4) }, we can calculate A and M as

n o N (8) T eNdEE (8,4) + N (5%5) 7 [ BN (@)
t = A~ — A
Ni [ 1 (A) 7 AdEE (A,§) + Ni (5%7) "7 [ eldENC (9)
Wy (NtfwA) “CEC (A,q) + Ny (5%7)' 7 [ MdENC (3))
LT NS (B) TedEE (A, G) + Ny (25;) 7 [ eldENC (g)

where el = (q:/Q¢)" " as§r = In (q:/Q)” " and p (A) is the markup function 4 (A) = min { -2, A} .

We now derive expressions to calculate the evolution of { Nt, £- (A, 4), FNC(4) },. Let (N§, NIV, 5 (A, 4), BVC
be given. In practice these objects are determined in the initial BGP. This in particular implies that

N§ = aNy and NYC = (1 — &) N;. Suppose a path for {gN} is given. Then we can calculate and {7}

and {go¢} from (SM-24) and (SM-25)

A

1. Given {7} and {g¢: }, we can calculate { FF (A, §), ENC(9) }, as follows:

(a) The evolution of FNC(4) is given by
OENC(q) _ AEN () N\ pNC (4 l—w q

where g5 = (0 —1) (I —gq) is given in (SM-25) and T (exp <%)> is the exogenous
source distribution.

(b) Given {FNC(4)}, we can solve for {FF(A,§)},. In particular, {£(A,§)}, then solves the
differential equation

N A ofc (A, ) ofc (A, )
8FtC(A, q) B Al t q ) t q

aF an 81T o5
— (T+0+gN) BE(8,0) + lim T (5,6 = A) + TENC (- M),

where A = In A7~ 1. Given that we solved for FNC(§ — A) already, this determines { X (A, 4) },
given an initial condition F§ (A, 4)
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SM-7.6 Firm-level moments along the transition

Given the equilibrium path {gn ¢ z:} we can compute the time series of the entry rate and average
firm size. To do so, let w; (1) be the mass of firms with n products at time ¢. Consider n > 2. Then

w; (n) :wt(n—ll(n—l)ag+fut(n+1) (n+1)(t+0)— wi(n)n(t+x+7)

From n—1 ton products From n+1 ton products From n to n—1 or n+1 products

For n = 1 we have
wt(l) :Zt+wt(2)2(r+5)—wt(1) (T+x+5)

Letv; (n) = %tn), which is stationary along the BGP. Then

wtz\gn) = vn—1)(n-Dx+vn+1)(n+1)(t+6) —v(n)n(t+x+9)
d};\;tl) = z+1(2)2(t+0) —v: (1) (T+x+9).
Now
wi () = vy () Ny + vt (1) N
so that
wt]\({l) = vt (n) +vi (n) gnp
Hence,

vp(n) = vi(n—1)(n—Dx+vi(n+1)(n+1)(t+6)—vi(n)n(t+x+9) —vi(n)gnys
f/t(l) = Zt+Vt(2)2(T+5)—Vt(l)(T+x—|—5)—Vt(1)gN,t.

Given an initial condition{vg ()}, we can calculate the evolution of {v; (n)}, for given {gn z:}.

Given {v; (n) },, we can calculate some objects:

1. The number of firms at time #:
Ft: Zwt(n) :Nt Zl/t(i’l)
n=1 n=1

and hence average firm size L;/ F;
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2. The entry rate
zZtNy Zt

E o Xve(n)

Entry — rate; =

3. The exit rate
(Tt + 5) Nﬂ/t (1)

F

Exit — rate; =

SM-8 Characterization of the Model with Endogenous Innovation

and Bertrand Competition

We now characterize the model in the case of both endogenous innovation on improving firm effi-
ciency I and endogenous markups. For full generality we allow research labor and production labor
to be imperfectly substitutable, such that the research wage vy may not equal the production wage
w;. The state variables of the firm are efficiency g and the efficiency gap A for each product in the

firm’s portfolio, where we denote this set as [A;, g;].

The value function V4 ([A;, g;]) solves the HJB equation

nVi (B q) = f;mmi,qi])w [891) +f (+6) [Vi ([Apa7] ;) —V (1A0a1)]

+ max i{lt(])w (It(]) j'”/]')vf}

+ m)?x{X [oc /q Vi ([Di,9i],1,Aq) dF; (q)
H-w) [ [ Ve(00],8,00) 26(Q)T (@) - V(0]

—cX (X,n) vt}.

Conjecture first that the value function is additive, i.e.
n

Vi ([Diqi]) = Y Vi (B i) - (SM-26)
i=1

We then have:

1. Loss through creative destruction:

Vi ([8),9) ;) = Ve ([B0ai) = = Vi (80,9)
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2. Value of own-innovation:
a‘/l' ([Ai/ ql]) - dVv (Ai/ ql) .
aqi ! dq, !

3. Value of product creation:

Ve (18 gy 1,A) 4B (0) = Vi (8 i) = [ Vi1, A0) 2R ()

and

//vt Ai i), A wQy) dG(A)T (w) — Vi ([An gi)y) //w (A, wQ) dG(A)T (w).

Hence,

X o J, Vi (1800 1,20) dF (1)

+ (1 —a) [, [AVi([Aiqi], A wQr) dG(A)AT (w) — Vi ([A;, Qi])]
= X[a [, Vi(1,Aq)dF: (9) + [, [y Vi (A, @Qy) dG(A)AT (w)] .

Hence we can write the value function as

n

n n n
Y Vi(Aigi) = Y m(Aigi)+ Z Vi (Aiygi) — (T+96) ) Vi(Aigi) +
i=1 '

i=1 i= i=1

1 dV A, .
Z { tdqqZ)ql c! (It(l),Ai, Qi) Ut} +
i— i

nm?x{x [Dc/th(l,/\q) dF, (q)+(1—zx)/w/AVt(A,th)dG(A)dF (w)] _ X (x,l)vt}.

Hence, the value function is indeed additive and we can focus on a single product with state (A;,q;), which
solves the HJB equation

. dv (A,
(T 0 V(i) = 7 (85,00) + Vi (Byg) -+ max |12 g (1,8, 0| +
1

mfx{x [w/th (1,Aq)dF (q) + (1 —a) //Vt (d, wQy) dG(A )dl"(w)} —cX (x,1)vt}.

Note that the firm can choose a separate rate I; for each product i, subject to a paying a cost ¢! (I;, A;, g;)
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which depends on that rate. We work with a particular convenient cost function, such that

oc—1

I _ 4 z
ci (I,A,q) = or——1
Q1

so that cost is increasing in a scaled-version of relative productivity.?”
The value function above can be written as
Ve (Bi,qi) = Ur (D, i) + ¢t (SM-27)

where U; (A, g;) captures the rents from the existing products and ¢; describes the expansion value. From

above, these functions solve the (partial) differential equations

(4 T+ )W (D) = —U (By,q0) (SM-28)
+ 7 (B, q:) + max {IW% — (I, A, q0) vt] ,  (SM-29)
and
(r+7+8)ds — r = mxax{x {oc /q Vi (1,Aq) dF; (q) (SM-30)
+(1—a) /w /A Vi (A, wQy) dG(A)dT (w)] (SM-31)
—cX(x,1) vt}. (SM-32)

Solving for U; (A;, ;). Conjecture that the value function of a particular product takes the following
form .

u (A;) g Yi
g (0’ — 1) + 1Y +T+06— i (MtAt)U_thQ?_l ‘

Ut (Ai, qz) = (SM-33)

We need to determine the function u (.) Note that Y; is growing at rate ¢ + 7, that N; is growing at
rate 77, that ¢ = go + =157 and that Q7 ! is growing at rate go(c — 1). Hence, (SM-33) implies that -
along the BGP - we have

/It can be show that this cost function is consistent with balanced growth.
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Uz (A, i) Y: N
B Y o1 SM-34
ut (Ai/ ql) Yt Nt gQ (0 ) ( )

1
= 8o+ 1~ 8ole—1)
= g(2—0)+7.

So for a fixed g, whether profits are shrinking or rising with ¢ depends on whether ¢ < 2. Note also
that because of log preferences we have r = ¢ + p. Combing this with (SM-28) yields

du (A, q; .
@e=D+p+T+o—n)U(Bi,qi) = 7 (Biqi) +max 1%%’—90 ga il
1
Now, the markup is given by
A=
95
for A; < %, so that
(A T
AU (dq) (e =1u(a) 7Y, A e 9, 'Y,

= +
dgi T RO Fp T~ (MA) T INGQY T 80— D) T~ (MiA)T NG

_ (e =Du(A;) +u' (8i) A) HE?
B g(0—1)+p—|—r—|—5_17 (MtAt)U' thQ?_l

Optimality for I then requires

(0 —Du(Ai) +u' (Ai) A 9 Vi A i “loy
SO tprTto—g (May NG T PorT
Solving for I yields
1
(0 = u(8) +1/(8) A L ; )é
A = SM-35
(&) <g(a—1)+p+r+5—17(MtAt)"1Ntvt Cor ( !
B < (c—Du(A)+u' (M)A L7/N; ﬂ)gll (SM-36)
S \gle—1D)+p+74+6—p M TA 9T s
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where the second equality uses Y;A; = Lf wy. Hence,

. / o—1 oc—1 oc—1
max{lw Du(A) +u' (A) A 1Y, g Igvt} q

— — Pl =(C—1) @il (A) v~
PUsle—D+p+trro—(MA)YING T Tt (E=D el (&) v

Along with the expression for profits this yields

c—1
qi Yi
c—1)+o+7+9— U; (A;,q;) = h(A; <—)
(gle—=1)+p ) U (Aiyqi) = h(8i) | 5, MA)T TN,
g
+ (= Dor——1(Ai)°vt,
Q
or
HER h(a) a7ty ¢ 97 Ay Ny oy
u (A 1 = Lt (1) gl (A) BT
( 1) (MtAt)U—l NtQ?_l (MtAt)(T—l Q(tf—l Nf (g )GDI ( l) Q(tf—l Nt wat
So if u(A) solves
N _ v
1w (A) =h(A) + (T —1) @I (A L—;(Mt)O' 1A‘{jt (SM-37)
t

then our guess is verified .Substituting the optimal solution for I in (SM-35) yields

1

Lf/Nt @) -1

(M)A o)
(SM-38)

u(A)=h(A)+ E=Do - ((U—l)u(A)+u’(A)A)€gl<
(glo=1)+p+T1+6—1)¢rl)*1

This is a non-linear differential equation in u (A) given parameters and the general equilibrium statis-
. LF /N, t wt
tic (

M7 1A 0 which is constant on the BGP. Given {u (A) },, firms’ optimal innovation rate is given
by

C(u(a)—h(d) LN w\'* ]
I(A)_( C-Dgr (M)1A7 vf) | (SM-59)

Note crucially that there is no dependence on a product’s efficiency; innovation only depends on the
gap between the efficiency of the firm and the next best producer.

To solve this differential equation, we require a boundary condition. The boundary condition comes
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Figure SM-4: Two Potential Solutions to Equation (SM-41)

A S oo LE/N, )71,,(%’13
F@=F+ (- DO (WS«M? we e (RHS)

fa)=u
(LHS)

v

ur, ZL‘H U
Notes: The figure displays the left hand side (LHS) and right hand side (RHS) of equation (SM-40).

from considering a firm with efficiency gap A > A = -%;. This firm will set a markup of -%;. Hence,

h(A) = ((17) (%) o =hfor A > A.

Moreover, conditional on survival, it will never set a different markup. Because we restrict our
analysis to value functions which only depend on pay-off relevant state variables, we know that
u(A) =ufor A>A,and v’ (A) = 0. Hence, (SM-35) implies that (for A > A)

I = (Ca)et
and
T=h+ (C—1) pCTT ( f/Nt >_1 ﬁfglﬁ (SM-40)
where
(c—1) LP/Ny  wy

(8(c—1)+p+T+0—1) o1 (M) IAY v

To see that there is a unique solution I (A), note that (generically) (SM-40) has two solutions in the
positive orthant- 7y and uy. These are depicted in Figure (SM-4) below. We will now show that

Uy > u is in fact not a solution for the value function. To see this define the function

-1
@) =T+ ({—1)@CET (%) ar oL (SM-41)
t

t
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Note that )
_ e LP/N; Ly

! = Tttt ¢-1 74

Ft) =g ((Ma“A;’) S

Also note that f’ (i) > 1 as the curve intersects from below at #y. This implies that

g LP/Nt -1 _g% (o
CCT1 (—(M:)UlA?> uy — > 1.

Using that I = (Cuy) ﬁ, this inequality implies that

Lf/Nt ! A Ut
1 < Cq)[C (m) (CMH)C 1 _t
_ o1 I (SM-42)

(glc=1D)+p+T1+d—17)"

But now consider a firm with efficiency g and A > A. Using the solution for the value function in
(SM-40)

(0’ — 1)ﬁH B Iév Nt(MtAt)a_l
c(@—1)+tpttto—gn) 0 Y,

Rearranging terms and using the expression for profits (A-3)

- o1 -1
(m‘ (A) — i1 (&) Ut) —Nt(NZAt)

Yf(Qi)H .

aH:h(A)+I(

UH = 1— I(c—1)
g(c—1)+p+t+5—1

Note that 77; (A) — @I¢ (&) Y vy is simply the per period cash flow of the firm. Hence, for iy to be

positive, it has to be the case that

oc—1

1 I.
>g(0—1)+p+f—f7

This contradicts (SM-42).
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SM-8.0.1 Solving for ¢; from (SM-30)

To solve for ¢; in (SM-30), by free entry it must be that

« [ Vi AR (q) + (- ) [ [ Vi(s,00) aGayr (w) = 2
q w JA GDE
Substituting this in (SM-30) yields
, 1 X
(r+7+490) ¢ — ¢y = maxsx— —c* (x,1) p vr.
X Pe
Along the BGP, research wages grow at rate ¢. Hence, ¢ = ¢¢ so that
maxy {xi —cX (x,1)} maxy {xi —cX (x,1)}
¢ = o v = o Ut
r+7+6—g p+T+9o
For the case where ¢X (x,1) = %xé we get that
1 1 (1ge\TT
max{x——cx (x,l)} = ¢ (—ﬂ)
U ¢ Px \G PE
and )
1 @x) I *
- =x
(@ Pe
so that .
-1 (1&) o1
R L L (SM-43)

p+T+0

SM-8.1 The Joint Distribution of Gaps and Productivity

As in the baseline model we can compute the joint distribution of scaled efficiency and efficiency
gaps. Again we define the objects FC(A, 4) and FNC(4) as the mass of products with a gap less than
A and relative productivity less than 4, for products with (without) a direct competitor. Again, we

define §; = In (g;/ Q¢ o1 Hence, for a product of efficiency and gap (A, §;) we have
q q p y gap q

G = (@ =1)((I(A) = go)t + 4

where go = dlo%th).
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Now, the evolution of the non competitor mass satisfies

ENC(g) = PNC<q—< C1)((I(B) - gQ>)<1—<n+a>l>

(. J

existing mass that survives and improves/falls

(1= a) (@ + 1) NYOT (%i’))

-~

new products

and then using the fact that z + x = 7/a we have

Write this as

and taking the limit

OFNC(q) _ _0EYC(9)

- Do - () - g0) ~ (e + HF+ L enper (SR smay

ot 34

Then define the distribution FtN C= FtN cy NtN C 50 that

oFNC(9)
ot

OFN ()

= NNCENC(g) + N D
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So rewrite SM-44 as

OFNC(q) _  9FN°(q)

ot g

(e =) - g0) — (1 +5+ENC+ LDy (e;p_ (?)

Similarly, the competitor mass evolves as

ES(A,q) = ES, (Ae—“w (o - 1)((I(8) - ggw) (1 (u+6)0)

existing mass that survives and improves/falls

+ lim IGEC (5,4 — (o —1)log(A))

. S

CD returns gap to A,inc\lfeases productivity by A
+  uF(G - (0 —1)log(M))

S

NC products getvimproved by CD

Rewriting and taking the limit as 1 — 0

FCOA A FCIA A FCOA A
D (s s @ - () - 307D

—FtC(A/ﬁ)(TtJr(”
+ lim wF (s, 4 — (0 — 1)log(A))
+TEY(§ — (0 — 1)log(A))

NowFE(A,4) = NtFE(A,§), so that

OFF (A, 9)
ot

oF (A, §)

= NiF (A, §) + Ny Y
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So dividing through by N;

C(A 4 C(A, g c(0,4
R _ (wfmm (= 1)((1(8) —g@%ﬁ"”)

~ FE(8) (5 04 ) + lim EE(s — (0~ Dlog ()

+ TPtNC(q — (c—1)log(A)).

SM-9 Fertility and Population Growth

In this section we show the evolution of two major determinants of population growth in the major
economies displayed in Figure 1. Figure SM-5 plots historical and projected birthrates from UN data.
In all cases, these birth rates have fallen and are projected to remain low. Figure SM-6 shows the net

migration rate for these economies, which is almost uniformly low and projected to remain as such.
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Figure SM-5: Birth Rate Across Major Economies

(a) Historical Birth Rate
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(b) Projected Birth Rate
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Notes: Panel (a) of this figure plots the historical “crude” birth rate from the UN World Population Prospects
2019 for several major economies. The crude birth rate is total births over total population in a given year.
Panel (b) plots the UN projections for population growth in the “Medium” scenario out to to 2060.
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Figure SM-6: Net Migration Across Major Economies
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Notes: Panel (a) of this figure plots historical net migration growth from the UN World Population

Prospects 2019 for several major economies. Panel (b) plots the UN projections for population growth
in the “Medium” scenario out to to 2060.
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